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1.1 ���������������
���8eA$������%'���� ����!«EC�%'Z�_�`VE<�
���
�E$#"2'%$8E'&)(�·0$#*%+�w-,p'/.�¯F$0�8K%1����
�E$2" '%$8E&)����!>��Z�_`VE<�)386E$�$)4��657�8¯�o'$,9%8F�%'/9Vw;:=<�w-,�'/.>$@¬?&'�����A@CB8��!«E 5�(�&�'Z�_`ba �
K=1V���
� $#" '%$�E)B��0DV¬?E)�����8��F0�V&?GIH)J !V7�H8���
����$��K5�('LNMpª�¬V)��9%8�ONP)���0�2Q�| $%R
� S%S,±�%��%'%$�E)B��ID2' ? @@w-,�'/. ( T%$0�VUp���
����$�����%'�E.&CGXWA� ?E@2&)�
9%8����=Q�|YB;ZV[«ª@¬
���i���
��
��w�� !p��Z�_i` a $i��
�i^��0'A$�E)B2*A+Vw�,�'V$8E8$#\-]^54(�&�'7. ) K%1��
�i�E$  %_��>'HB�|
$V&(£p� 3 `8��B�|NB2a>b�@O¬F'/. [1]

1. c�� ��^ 1V7<|%dNHfe
$�&�'H9%8p7=HLB�|
2. K=1V7'g=h=i��F$�&�'OB�|
3. AI $�&�'OB�|

(1) ��B�|f&#�AUAj0�����
�8��$4� !>��Z�_
`ba E/kAlF$®�=mn57�8��!%Z�_
`ba $#o=p,�0'7c���7'�i^ 1�7'��=1�7<|Ad
$�%'&)( �-! $("�#*�%'/.>$i��:'�FZ�_`ba �)qA+CH�-�r%+�s%$@�=m65C()a>b#�-�r%+ s%$ARi¬Yti¬p��|%dA$(±�%��%'$8Ei$�&Nuwv%x0�����i���i���i�E$  %y*�0'/. (2) ��B�|f&2�8��!>��Z�_
`¸a �@�0�,�E$�K%1V�
�
�>$@"�#�w-z�'HTVU�$
��B«ª0{|�TVU8+��®!8�%}%��U8�)~V� E%5C(8���
����$0�^b�'%�<�iw-,�'7. (3) &'q>$/�-����K�D���i�MEO��s(��wi"#
ª@¬F'S¯�o'$2�A�-����s���E 5C(8 =y*�%'%$�E
$�&Cu ��!FZ�_` a $("�#��%'=�<�
w�,V'/.r=�Vw�&)�>�������� F0�A��w %'&�@O¬«'/��¯F$,6V7����
���8��K=1����
�0$A`�&)(L9��*�%'�.���!>��Z�_�`ba $�K1V7V$,"�#*�%'L ��$V&)� ���#B;�A� �%�pw?zV'7�%��� E/�=UY��$.����wYzV'3��� �0��K=1p���
�E$�n��n52H-�L¬?E%H
@#H*&0.%�=c8�=�C&)��\]F$0U�KF$���B ���.()a>b�')B'�N�2��&%Ri¬YBLc�d>:�U�wLn��Fª�¬F' ?;��f�gp:�U�w<n��Fª@¬
' ?�w-,V'�.>$i�����F$�&=��(;�V����N&)�Cz 1 c�d>:8U(e E.f�gp:�ULeF$0�8xMª@¬F'I.n�V�-�' '�%c��8|%dM$�&�'H)
*CB(c�d>:8U�w'¡�bF@O¬F'�����wC�/��f�g0:�U(e0�����
���pE 5C( ��!0�����
����$("�#��%'OBNB':=<�w-,�'�� ���|,
'/.A¢�bVE)�=£ ¤����
���0¥C&)¦��%�fB)" @H¬F'(UA§*$2¨%© E 5 (i"�#��%'OBNB2ª �NBA«F&0.
£%$/a>b�@O¬F'H���f&2�.� !>��Z
_`ba �� !�"�#E$#" '�?'�V+,!�"# $#"«' ?�w�,V'�. [2]  !�"�#ME'&)�)��!p��Z
_`ba $( �!F$2�A��)�¬F'®¬«'=�<�wL¯�o<$,)�*¬5(N�i�
w-,6u�8\�B=�>+,!�"�#f&�?�AME�&CG@+(!�=�KA$�%'& (L¯�o
$("�#n5(N�<�
w-,V'/. ( ®65 & $8E'&2¯8#=. )S)�=98"p�,)�*���� E'&)°=W65(N�<�pE 5C(;�MZ�_`ba �)386E$#±8n�7V$I�>b�¬F' ?|�%± ²V7V$0��b�' ?���³@xn�,V'7.A´%9p�����f& ��!���Z_` a �@¯�oA$("
#��0'L=�8$0�.���V@CB ,V'3C���µV¶*�0'%$�E)B8�0D 'H)
*�B�|Vw�,V'7.$®¬�$��65 (2�8�=!p�@¯oF$��fz 1¸·A¹��0'S)*�5�AYB)�L45�e�?2(�45�e�?)�'ºf&2�'}?��n�KeF?(�A»A¼�KeF?8�I½'&
w-,V'7.=¾%$V&)�p���
���VB<\�0��� ( ��¹8_ ) eE?L��8�8�p����eE?��=³@xn�;,V'/. ´%9p����� $,) 1.1 $%S�E;��'/.
) 1.1 $,"�#Fª@¬V,���f&%R<¬Yti¬A°%W��%'À¿�ÁVw-,�'L �0�,� Â�(��#Ã%�-{�����
���,)�*CB��%Ä�w-,�'/.AÅ���('�
� !FE#H�'(��i����$ $®¬�@��V��? @ ±YÆ%H,o�� $#Ç�)�^�L��E=5 (�
�i�
^��0'V$�E2B8��D '7.;´%È�w%&2��B�%AÉ?ÊN�Ë 1Ì�AÍK�(�0¿�Á $#± W��0'/9Vw'(�·0$I:=<�w-,V' ( ��0��� ) :<;�=?H)±�n�cd�4�5>���
����$|`�&)('®6501�#YÂ0'7.
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) 1.1: ���
���8�,���
������
 ���Mª@¬F'L���
���,)�* ������
 ���Fª@¬F'L���
����)*
:�U�u8v c�d>:�U(e �0�,�>��K ��¹�_®e

f�gp:�U(e ��>����e
)�*85�D  �!�"�# 4�5�o0����� 4�5p���
���

+,!�"�# (845>���
���¦��V7(o�� ±�n>���
��� n�·
o0����� n�·V���
���± ²p���
��� (�n8·����
���
TVU�7 Ë B6u }N�(n8K�e =�K>�@)�*�u8v :�U,u8v

�%»�n8K�e N�P�Ku8v

1.2
�
	��� ����� ���������

 !�"#�w &2��Z_i` a �@�>�@�VJ�� $("#��0',��i��$��n��0'�=�#����
�����+@!%$AS<w=&2W^�.� @IH�&I.;Å>�
(;����!>��Z�_`ba $�¦�_V <X.�> <X
�pE�� HC5 (;���8�«Ei���>��J��A$("�#��%'.K=1V�����E$C  y*�%'/.n$i�V&?G�$
��! $0a>b�'�E/�FZ�_�`ba &�����JLKF?A@<����JLKA$ ��B ª#{F'O4�5-~A� E 5�(�� G'$�E)B��0D '/.>$@¬F$�5�D�7V$,£
�V&?G,$®)�*��%'/.

y = η + Lu , y(t) ∈ Rp, u(t) ∈ Rm (1.1)

#Y5�� η &��! O��0$��B*�p'L�,��w ,�u� Lu & u $��*�p'L�,��w�,�'7. ( U-�V$|&2� y, u $;&�"E&$#nNB �f�F@3¬%'7�¢�b;E2� u &=³@��7V$.cdCH(�
�pJ(KNHNe7. ) $<����i���8$��K5 (;�!%'&�(=�
n�·
oC&�£>��&YG�$On��%ª®¬F'7.^$<���$ 2 `8�i¥�)>²<sV[ $,n��,�%'/. [3]

(Pαu)(t) =

{

u(t) t ≤ α ( *>�,+ u ¥�)>²isV[ )

0 t > α
(1.2)

(Tαu)(t) =

{

u(t− α) t ≥ ( ©�-V¥�)>²isV[ )

0 t < α
(1.3)

[ n�� 1.1]

L BL£>�@o��A$#Çp ��:'� L &�%�&�(A$2Çp �0E.&CGw.
PαL = PαLPα (1.4)

[ n�� 1.2]

L BL£>�@o��A$#Çp ��:'� L &�n�·�w-,V'�E.&fGw.
TαL = LTα (1.5)

$i�V&YG�H L $��65C(;�C,V'$.�/0�2È�w<£>�V&?G�H()�*NBL�%Ä�w-,V'%$8E)B#� @O¬�(�&�'/. [3]

(Lu)(t) =

∫ t

0

h(t− τ)u(τ)dτ t > 0 (1.6)

$@¬Y&)�i�8� u(.) E7*!�8J(K (weighing function)h(.) E<��01�321�8�8�ME 5 ( L B()-{0'%$8E8$�4n5C(�&�'/.^$@¬>$�&u�p���
���%B'*65|�87V{V�,�A$2Çp �^$8E#B�7�?p'/.=UY�|��5�D�7V$ u = δ(t1 − t) + δ(t2 − t) E �%'�E/�
Lu =

∫ t

0

h(t− τ)δ(t1 − τ)dτ +

∫ t

0

h(t− τ)δ(t2 − τ)dτ = h(t− t1) + h(t− t2) (1.7)
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#?5�� δ(.) & Driac �<�<�F[(J(K�w�,V'�.^$<�iJ��A$�� 1.2 $ 4��).?Si)�C$®¬%&Nu h(.) &
��`q(�V� B�D�w)¡^b*@O¬

L

t1 t2 t1 t2

� 1.1: *65|�87V{V�,�
'%$8E)B�7,?p'/.�£%$#� L $�N�P8Ku8v>wL)�*��F'/.f`�S>u��G8I�J<K«E 5C(<)�*��%'I.�G8I�JLKC&��8�����«E<�����
�>� Laplace =��0�	�«E 5C('¡�b�@O¬F'/.

Y (s) := L{y} = L{Lu} = L{h}L {u} (1.8)

�#f5��
L{x} :=

∫ +∞

0

x(t)e−stdt

��¹8_.e0�0� �F$V&)��G8I�JLKf&
H(s) =

Y (s)

U(s)
(1.9)

EH)�*%�0D2'/.8��0����e0�0� �^&)�NRi¬Yti¬�� ��B��%'H�0���>�	� E)H6u� m �8�=� p ���>�����
�V�w�& p×m �
G8I�J(K�
��«E)Hp'/.´=È>$®���8�=F�w%«¸1 % &�@O¬F' Laplace =��F$<J(c65(,o��A$("���%'/. [4][5]

1. ( 4�5o )

L{c1f1 + c2f2} = c1L{f1} + c2L{f2}

2. ( ���8|%d )

L{f(at)} =
1

a
F (

s

a
), F (s) := L{f}

3. ( ©�-=d )

L{f(t− τ)} = e−sτL{f}

L {f(t+ τ)} = esτ (L{f} −
∫ τ

0

f(t)e−stdt)

4. ( ����|%d )

L
{
∫ t

0

f(τ)

}

=
1

s
L{f}

5. ( ����|%d )

L
{

d

dt
f(t)

}

= sL{f} − f(0)

L
{

f (n)
}

= snL{f} −
n−1
∑

k=0

f (k)(0)sn−1−k
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6. ( � _%d )

L{f ∗ g} = L{f}L {g}

�#f57� f ∗ g :=
∫ t

0 f(t− τ)g(τ)dτ w-,�'/.
7. ( ������D )

f(t) =
1

2π

∫ c+∞

c−∞

F (s)estds

8. ( �����8n�� )

f(0+) = lim
s→∞

sF (s)

9. ( ¨	���8n�� )

f(∞) = lim
s→0

sF (s)

�#f57� sF (s) &�
� s	������wL9%8p7;.
10. (Parseval �,n�� )

∫ +∞

0

f2(t)dt =
1

2π

∫ +∞

−∞

|F (jω))|2dω

�#f57� F (s) & s = jω $���&)(Ln��Fª®¬F'=�<�VE �%'/.
$=$�w Laplace =��0����%oA$�4��� ��$@£>�(·��8��BC�DF$ Laplace =��A$�%'&)(L9 1Ì.

[ ¢ ]

y′′ − y = 2et

�#f5������ .�/C& y(0) = 2, y′(0) = 1 E �%'/.����A$ Laplace ���65��
s2Y (s) + sy(0) − y′(0) − Y (s) =

2

s− 1

(s2 − 1)Y (s) =
2

s− 1
+ 2s + 1 =

2s2 − s+ 1

s− 1

Y (s) =
2s2 − s+ 1

(s+ 1)(s− 1)2

=
A

s+ 1
+

B1

s− 1
+

B2

(s− 1)2

Y (s) B n *���� α �����! C`#"�$&%�"/� k *������	'(�)?�*%��V&
ck =

1

(n− k)!

dn−k

dsn−k
((s− α)nY (s))|s=α

"�$�+YEV«#,0. ( �V�.-' )���	'���/�� 
fHf�0�C��1fu�B'. ) $�+�1Cu�
A = (s+ 1)Y (s)|s=−1 = 1

B1 =
d

ds
((s− 1)2Y (s))|s=1 = 1

B2 = (s− 1)2Y (s)|s=1 = 1

$�+�1fu� Laplace 2	�����?�V��,��;�
y(t) = 1e−t + 1et + 1tet

" 5��'� y(t) ��3	'�4�56"87:9?z	�.1Cu<; ¨&�0)N�*%A$	")B�=0D>%/.
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1.3
� 	��� ����� �����! #"%$'&

( �)���+*�,.-/���������0�=2143.56,.7)8�*7:9�++;.<
y = η + Lu (1.10)

=�= *>- η ,�?4@A0�1(��B�C:$�%=21�*�DFE.;2<�G)HJIK-�L�M&����N���	��=�14,20�14O�P�*),2Q�R4*�S�T., = "�UWV�X
%A< = �*1+Y�T�?4@�0)1(�ZQ�R:$&% ( [�\�]�'(� ) ^��Z_�`���'6"�a)bN7(�*1+Y��cR�dJ9�+�%A< [2]

[ R�d 1.3]( _�` )e>f
t0 gWh �Z0)1 u[t0, t] U.iJj+k ++;:"NS2-(=21 y(t), t ≥ t0 �.L�l+m*�cR/n*%����Zo�p/T.[�\�]�' n ]&� ��'(�Z_

`���' "�,�,Z- n ]&�Z_)`���'(��iJj.%A< = �*"NS2- n ����q���	�27�'6"�,6Yr<=�= *Ns�l	$)t�S.u4,2-�_�`4,2o�vJw�x>��q������y�z�^���B�C�w��.,.%AoWp6,�T.,�uF*�D*%A< (
= +(��B{w��N- ( �

�W��*),.|�}*�c~�� =c�>%�^/O�P�*���������2����w��*,�%�< ) _)`���'/,2��� �����(�2�4;�$�x �q*�D+F�Z�/*4xZ�*,= "��qT %>U>- g�� *�,�_�` � n 7W�+�F�F���N�����+� Rn *�D*%����6O)P�����j.%A<�7&������F�	�2��z/m*�cR�d.$
%A< [7]

I � R1 ")w�- U ,X ,Y �4�A�/�.�����4� "�$&%c< Ω � U �.�F*)T*,Z �� "0$&%A< φ : X × I × Ω × I → X �.¡W¢>"
w�- X �q36w��N�W�4*>- Ω ��B{w��.£�¤)���F*�D:%�"�$�%A</HW;�- η � X × I X
k Y ¥:�2����¡W¢6"�$�%A< = +�16I¦�
�6��q��� Σ �27(�:1+Y0�!7��*$&%A<

Σ = {I, U,Ω, X, Y, φ, η} (1.11)

=�= *.- U - X - Y ,�§ +�¨�+�0�1�->_�`#=�1(���+�W*>- Ω ,.|F}*��0)1�©�ª+T>«W¬�0�1(�� ��F*�D*%�<+HW;.- φ �Z_�`W® ¡�¢ (State transition mapping) - η ��=21)¡W¢ (Output mapping) "�,6Y¯< = �*"NS2-)¡W¢ φ ,.7�8#�2�/;$.<
φ(x(t0), t0, u(t), t1) = x(t1), t ∈ [t0, t1] (1.12)

= �*">S2-�7(�2��z��2�/;$ Σ �.°Fm�������#"�,6Y¯<
[ ��z 1]( ±�²�� )

φ(x(t0), t0, u(t), t) = φ(φ(x(t0), t0, u(t), t1), t1, u(t), t) (1.13)

[ ��z 2]( ³2´W� )

φ(x(t0), t0, u1(t), t1) = φ(x(t0), t0, u2(t), t1), t0, t1 ∈ I, t1 > t0 (1.14)

u1(t) = u2(t), t ∈ [t0, t1]

u2(t) 6= u2(t), otherwise

9�k��c- φ - η U>7(�2�Wz��2�/; $&"NS Σ ,2R�µF*�D*%�"�,6Yr<
[ ��z 3]( R)µ�� )

φ(x(t0), t0, u(t), t1) = φ(x(t0), t0 + T, u(t), t1 + T ) (1.15)

η(x(t0), t0) = η(x(t0), t0 + T ), t0, t1, T ∈ I (1.16)

[ ��z 4]

�+� U , I �(��¶Z·Fm>¸�¹63' (piecewise-continious) <
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��z 1 X
k���z 3 ,�������	���)����7��*$&%�x��W*�D*%.U>-���z 4 ,�������.�c0)14U����*$&%��)���Z-	'��4m*�� �	�����>"�
�L��&�	���$&%�x���*�D*%A<
[ R�d 1.4]( ���.7W������°Fm������� )

X = Rn �2�+; $��W��°�m���q���������27W�)���)°Fm�������#"�,4Y¦<��&�Z- I = R1 �Z�����Z¸�¹ e �)W�����*"
,�,Z- I U R1 �����)u+X
kZT %A ���� e -���� e �)������W*�D*%�"�,6Y¯<

1.3.1 ������� �"!$#"%$&('
)�* *2iJjFk +F;.�Wz4m�T)W�q����7�����B{w��.-,+�-F*),/.�·�0�1F8&".§	� � �	16I���q������2,3/m.�!7W�:$&%�<=�= *), ) �(��������#14I54�w76 ,���8������������X
k:9�;(��</n*%A<W_�` W® 3' φ(.) U>7(��.)·�0,1�8 :

d

dt
x(t) = f(x(t), u(t), t), x(t0) = x0 (1.17)

� � �.1�E0�qL�l+m*�ci�j+k +�%��)�)-���8(������F�	�Z_F`�0,1F8 "�a�=q<�HW;.-/����+�	��=21/U2_�` "A0)1(�W3
'6")w��7:9�+�%�")w�-

y(t) = g(x(t), u(t), t) (1.18)

= +*����N���	��=21�0�1F8�"Za)bN-N_�`�0,1�8�"�=�1�0,1�8#���+V�>.���������0,1�8�"�a�=q< =W= *N- x0 " u 16I
x(.) - y(.) U,
�L,���*$&% = "�����:$&%N;)n���- f() , x �q36w0�{��?�6��@/A�B��2��C�w�- u,t �N3
w��+¶�·+m*�c¸
¹6*�D#% = ".U�D�R�9�+�%c< [7] f() - g() U x - u ��36w0�����4*FD#%��)���.����°+m�����F� "�,	,Z-/��W����EGF
(A(t), B(t), C(t), D(t)) �.16IIHN�J9�+W-/�������0�1F8+,

ẋ(t) = A(t)x(t) + B(t)u(t), x(t) ∈ Rn, u(t) ∈ Rm (1.19)

y(t) = C(t)x(t) + D(t)u(t), y(t) ∈ Rp (1.20)

")w��7:9�+�%A< A() - B() - C() - D() U eKJ �+*�D*%�"qS���, (A,B,C,D) "�H���$&% = "�� $�%A</;�O/wA- m ,�0
1(��'�- p ,	=21#�0'�- n ,W������	�27�'+*�D*%�<�LWM���������.�q3/w��)§	� � ��9�;:$(% = ".,�L�w�,qU>- (1.20)

�q36w���,�§�� � �Z�)�/Uq� �NM k +.�*,.%�< [2][7]

(1) O.7�0,1F8QP �
(1.20) PZ_�`,0,1F8�*N- u(t) = 0 P�O.7�0,1F8SRZ��jUTA<

d

dt
x(t) = A(t)x(t) (1.21)

= PSV>S2-
x1(t0) = e1 = [1, 0, ..., 0]′, ..., xn(t0) = en = [0, 0, ..., 1]′ (1.22)

P/W�X�A�BZY�BS[\T � R φ1(t, t0) - ... - φn(t, t0) V	[\TA< = P]VNS2-
Φ(t, t0) := [φ1(t, t0), ..., φn(t, t0)] (1.23)

R W® E�F(V�^6Y¯< = P �® E�F/,.7_PZ�)��R�`6G = V.U/M kbaGcS^UTA<
1. Φ(t, t0) ,.7_P�E�F�.)·�0,1F8QPd
�L � *�DSTA<

∂

∂t
Φ(t, t0) = A(t)Φ(t, t0), t ≥ t0 (1.24)

Φ(t0, t0) = I (1.25)
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2. x(t0) = x0 Y�BS[\T�O.7�0,1F8 � ,.- �® E�F_R��\^KcN7_P��+Y/Y��:9	aZTA<
x(t) = Φ(t, t0)x0 (1.26)

3.
W® E�F/,����4*�D:IK-�7_P���8QR2�4;d[2<

Φ(t, t0) = Φ−1(t0, t) (1.27)

4.
W® E�F/,.7_P �FY/Y��][ = V.U�!c� TA<

Φ(t, t0) = I +

∫ t

t0

A(τ)dτ +

∫ t

t0

∫ τ1

t0

A(τ1)A(τ2)dτ2dτ1 + ... (1.28)

" YZ-#�������U eKJ�$ PZ�)�ZY�,2- Φ(t, t0) , t− t0 PW3&%\YqT{IK- t0 = 0 V)w�cN7_P �FY/Y��:9	aZTA<

Φ(t) = I +A+
1

2
A2t2 + ... := eAt (1.29)

(2) '_O27�0,1F8QP �
(1.20) *&�:9 aZT('_O.7�0,1F8QP � , W® E�F_R��\^ cN7_P �+Y/Y��:9 aZTA<

x(t) = Φ(t, t0)x0 +

∫ t

t0

Φ(t, τ)B(τ)u(τ)dτ (1.30)

7\Y�)�*4T�+\R�,4§�Y¯<
[ + ]

ẋ(t) =

[

0 ω(t)

−ω(t) 0

]

x(t) (1.31)

Y�B�w	c W® E�F/,.7_P ��Y/YciJj+kbaZTA<

Φ(t, t0) =

[

cosΩ(t) sinΩ(t)

−sinΩ(t) cosΩ(t)

]

(1.32)

;�O/w�- Ω =
∫ t

t0
ω(τ)dτ *�DSTA<

�_P�+
, ��- mSY � U.i�j+kba+;WU>-�LWM�P���.���W*), = P �FY/Y Φ(t, t0) U�/)T2�4*>i
j+kbaZT��)�6,�0+*�D]TA<
L�0�- eKJ�$ P�������UY�B�w�c�,.7_P/-+*&�Ft T��+Y/Y�)1*\Y�24nST = V.U�!Z� T�<

1.3.2 35476"��� � !�# %�&98;:=<?>A@CB DFE=GIH
7_P eKJ�$ �������P�J������0,1F8QRZ�JjUTA<

ẋ(t) = Ax(t) + Bu(t), x(t0) = x0 (1.33)

y(t) = Cx(t) + Du(t) (1.34)

��8QR Laplace
$JK [\T�VA-

sX(s) − x0 = AX(s) + BU(s) (1.35)

Y (s) = CX(s) + DU(s) (1.36)
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;�O/w�-
X(s) := L{x} , y(s) := L{y} , U(s) := L{u}

*�DST�< = a �6I
X(s) = (sI − A)−1x0 + (sI −A)−1BU(s) (1.37)

Y (s) = CX(s) + DU(s) (1.38)

� E/c>-#�������P����43�%/, x0 = 0 V)w�c
Y (s) =

{

C(sI −A)−1B + D
}

U(s) (1.39)

H(s) = C(sI −A)−1B + D (1.40)

V ���:9 a\T�< = a �4I �® E�F Φ(t) , L−1
{

(sI −A)−1
} V�w	c.~��J9	a\T = V2UWV�XQT�< =�= *>s�lG[�t�S = V>,2-

H(s) , s P���z43&%�E�F(V.T�T = V2*�DSTA<

1.3.3 DFEAG�H B	��
FH DFE=G�H
� -�)�*QPW;�n�Y� 0W1� !c1�PJJ� ����Rc��j�-�§�P����+3�%SR H(s) V [ T�<�;�O+w�- H(s) ,��������q±��+* �J-
m�*�DST�V	[\TA< = P���.���UY u(t) = sinωt R�0)1�w.;SVNS2- !�1 y(t) U��KP �+Y�YqT�T.X2�JjUTA< u(t) R Laplace$JK [ T�VA-

U(s) =
ω

s2 + ω2
(1.41)

V.T�T�<�w.;�U/E/cN- !21 y(t) P Laplace
$JK ,

Y (s) = H(s)
ω

s2 + ω2
(1.42)

V.T�T�< = aQR��)·�·�%����,[\T�V
Y (s) =

A

s+ jω
+

B

s− jω
+
∑

R(s) (1.43)

;�O/w�- R(s) ,��WR/T! P��)·�·�%��"��*�D:IK-

A = (s+ jω)H(s)
ω

s2 + ω2
|s=−jω =

H(−jω)j

2
(1.44)

B = (s− jω)H(s)
ω

s2 + ω2
|s=jω = −H(jω)j

2
(1.45)

(1.46)

V.T�T�< = aQR$# Laplace
$JK w�c , t >> 0 P���·_RZ��jUT�VA- R(s) Y�B�C][\T(�)·/,W?4@�Y&%�'][\TKP�*N-

y(t) ≈ Ae−jωt +Bejωt (1.47)

V.T�T�< =�= *N-
H(jω) = Re(jω) + jIm(jω) (1.48)
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V	[\T�VA-
y(t) =

1

2
{(jRe(jω) + Im(jω))(cos(ωt) − jsin(ωt)) (1.49)

− (jRe(jω) − Im(jω))(cos(ωt) + jsin(ωt))}
= R(jω)sin(ωt) + Im(jω)cos(ωt)

= |H(jω)|sin(ωt+ φ), φ := tan−1 Im(jω)

Re(jω)
= 6 H(jω)

V.T�TA< = a4,.-����43 %+*&�:9�aZT&������W*�,>-�������0�1_R�0)1 V)w.;����)-�O�����X P������/U
	��ZV���
O
P�R $ jKc�!21�9	aZT = V R�,�w�cS^GTA<
HW;2-4§GP�	��\V���/,$���43&% H(s) P s = jω R�0Ua+;FxKPGY��6I )1*\Y
~ ��9 aZT = V.U�V)X�TA< = P H(jω) P = VKR����1%����43&%(V�a�=N<

1.3.4 ����� '����CB 8 :��������
���! #"%$'&�(�)�*�+-,#.�/�0�1�243�576

m 0)1 p !21�P��������P����43�% H(s) U>7_P �+Y�T98�:�8SR�p��(V	[\T E�F_P ” ; ” *��:9	aW-
H(s) = D−1

L (p)NL(p) = NR(p)D−1
R (p) (1.50)

;�O+w�- DL V NL ,�<7=�>�- DR V NR ,!�#=�>_P]V>SW§ a�¨KaSR H(s) P'<7=7>�· � (l.c.f:left coprime factrization) -
�4=�>�· � (r.c.f:right coprime factrization) Vd^/Y¯< (p ,�E�F_PZp �FU?8�:)8�*)D]T = V R�,�w	c]^GT�< )

=�= *@<�=�>
· � V.,.-/G�A�P �+Y�T>· � R4w.;��)�)-

NL = UL(p)N ′
L(p)

DL = UL(p)D′
L(p)

UL(p) V�w�c),>�7B�C�D!E,8 E�F:w2X�FGaFTU^��)�_RG^/Y¯< ( ��B�C�D�E,8 E�F V.,/E�F�8�U�?4@.*�T]^�R1% V�T�T�x P
*�DST ) HW;.-���=7> V>,�-

NR = N ′
R(p)UR(p)

DR = D′
R(p)UR(p)

V ���4*�S]TKPW, UR(p) U>�7B�C�D�E,8 E�F�P��)�/O�P�P]V.S�*�D]T�< = P�=�>��_P�A,B/,�G�A,P�84G)�	A,B Y���wK^Z<
H 0�1�I

:

rank [NL(p) DL(p)] = p (1.51)

J�0�1�I
:

rank

[

NR(p)

DR(p)

]

= m (1.52)

<LK �4=7>)· � P&24n/0/,�- [8]

1. H(s) Yc·�M P�[�\���N!8�:)8 φ(s) R@O
P�c#8�:)8�E�F P (p) R@P TA<
P (p) := φ(s)H(s) (1.53)
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2. P (p) Y�B�w�cN-�<LK �+X6k��7B�C�D�E�8 E�F U1(p) - U2(p) R@O
PdcN7_P �+Y�T1����������� R@P TA<

S(p) = U1(p)P (p)U2(p) =























γ1(s) 0

0 γ2(s) 0

·
γr(s)

0

·























(1.54)

γi(s)|γi+1(s) (i = 1...r − 1) (1.55)

;�O/w�- γi(s)|γi+1(s) , γi+1 U γi *�� I	�GaZT = VKR�,�w�cU^UTA<
3. S(p) R φ(s) *�� I(����� K�
�����8�G������_R@P TA<

M(s) =
S(p)

φ(s)
=























n1(s)
d1(s)

0

0 n2(s)
d2(s) 0

·
nr(s)
dr(s)

0

·























(1.56)

ni(s)|ni+1(s) (i = 1...r − 1), di+1(s)|di(s) (i = 1...r − 1) (1.57)

4. M(s) RZB�+T98�:�8�E�F_P ” ; ” *��][2<
M(s) = D−1

l (p)Nl(p) = Nr(p)D
−1
r (p) (1.58)

Nl(p) =













n1

·
nr

0













, Dl(p) =













d1

·
dr

Ip−r













(1.59)

Nr(p) =













n1

·
nr

0













, Dr(p) =













d1

·
dr

Im−r













(1.60)

5. H(s) R U1 - U2 T��KR��\^Kc��][ = V�Y��6I =7>�· � U
P�kbaZTA<
H(s) = U−1

1 D−1
l NlU

−1
2 = U−1

1 NrD
−1
r U−1

2 (1.61)

DL(p) = Dl(p)U1(p), NL(p) = NlU
−1
2 (1.62)

DR(p) = U2(p)Dr(p), NR(p) = U−1
1 Nr (1.63)

= P
8�:�8,E�F\Y���T�=7>)· � ���
,N- h Y �Ft\T&�������P����/b�?4@�Y��A� 3�V�E/cU^ST.U =�= *�, = a g �����
w2T]^c<
[ + ] 7�8�*>iJj+kbaZT � �43&%_P@=7>)· � �J�\R&24nSTA<
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H(s) =

[

1
s+1

1
(s+1)(s−2)

1
s−2

1
(s−2)2

]

1. φ(s) = (s+ 1)(s− 2)2 -
P (p) =

[

(s− 2)2 s− 2

(s+ 1)(s− 2) s+ 1

]

2.

U1(p) =

[

−1 1

s+ 1 −(s− 2)

]

U2(p) =

[

0 1

1 −(s− 2)

]

3.

M(s) =

[

3
(s+1)(s−2)2 0

0 0

]

Dl(p) = Dr(p) =

[

(s+ 1)(s− 2)2 0

0 1

]

Nl(p) = Nr(p) =

[

3 0

0 0

]

4.

DL(p) =

[

−(s+ 1)(s− 2)2 (s+ 1)(s− 2)2

s+ 1 −(s− 2)

]

NL(p) =

[

3(s− 2) 3

0 0

]

DR(p) =

[

0 1

(s+ 1)(s− 2)2 −(s− 2)

]

NR(p) =

[

(s− 2) 0

s+ 1 0

]

���������
	�����  4"�*7+-,#.!/�0�1�2437576
) -�*),2-�� ��3�%�R�8�:�8dE�F�R���^ c
=�>�· � �J�][_T:0���R *�� w2;2< =W= *),2-���R����#G�� @N�G8�R������
8��>� �dR��\^Kc&���S[\T�}�YZo�p V.T TA-��WR ?)@��)��T ��z/3&%�EGF\Y��6I ���43&%\R@=7>)· � ���S[ZTb0!�_R *� [\TA< =�= *N- �WR V>,#"QcUP.p��_P/��z/3 %_P2·7M P�$Fu+U&%�' R�(�H�T]^�����<�±�� Y ����[\T = V2*�D�IK-Z?
@��)�QV>,.·7M VA·!)_P?8�:�8QP271%_P�*6U 0 g �+*FDST = VKR2l +�w�cS^UTc<��WR/T���z/3 %_R�p��(V�[\T E�F(V'8
:)8]RZp � V [_T:E�F4,-,1%�m�T/.�04U�O �Z*�D]T�P�*>- ) -�P�A,B)8.�/,�§�P�HWH21��G[ T�< [13] w�X/w�-q|�}QY =�>
· � R�,1%+mSY�24nST = V2,2¬�3+*�,�T]^qU.-W� k�XGP/0!�+*

H(s) = D−1
L (r)NL(r) = NR(r)D−1

R (r) (1.64)
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V(�U>F; e -
[

XL −YL

−NL DL

][

DR YR

NR XR

]

= I (1.65)

R��+;K[
�+YAT��qRZ?�@&���WT��Wz43�%_RZp �ZV [\T (XL, YL) - (XR, YR) U	���][,a+� = aF,�=�>�· � ��� V2TQTA< == *N- (1.65) 8�R Bezout 0�1F8 V2a)bq- (1.65) 8�R2�6;d[�· � ���ZR��7=7>�· � ��� (Double Coprime Factrization)

V�a�=N< [12][13]

[ + ]

H(s) =
s− 1

s(s− 2)

DR(r) = DL(r) =
s(s− 2)

(s+ 1)2

NR(r) = NL(r) =
(s− 1)

(s+ 1)2

XR(r) = XL(r) =
s2 + 6s− 23

(s+ 1)2

YR(r) = YL(r) =
−41s+ 1

(s+ 1)2

w2X/w�- = P (XL, YL) - (XR, YR) R>8SP $ � Y��/I 24n]T = V2,�L:wd^NU.-���.����Rc_�`������J�S[ T = VdY��4I¯¬
3\YZ~��U[\T = V.U�*�SST�<�|F}q- (A,B) R2©��qR)- (C,A) R�©�� !SV)w�c (

= P/A�BZYNGU^Kc�, h �U[\T ) -

H(s) = C(sI −A)−1B + D (1.66)

V(���][\TA< = PSVNS
AF := A+BF, CF := C +DF (1.67)

;�O/w�- AF P������\P2|��6,/"Qc��W-(V)w�c (NR, DR) - (XR, YR) ,.7�8_Y��/I 2/H]TA<
NR(r) = CF (sI −AF )−1B +D, DR(r) = F (sI −AF )−1B + I (1.68)

XR(r) = −CF (sI −AF )−1H + I, YR(r) = −F (sI −AF )−1H (1.69)

HW;.-4<�=7>)· � ,
AH := A+HC, BH := B +HD (1.70)

;�O/w�- AH P����	�\P2|��6,/"]c���-(V)w�c (NL, DL) - (XL, YL) ,.7�8�Y��6I 2/H]TA<
NL(r) = C(sI −AH)−1BH +D, DL(r) = C(sI −AH)−1H + I (1.71)

XL(r) = −F (sI −AH )−1BH + I, YL(r) = −F (sI −AH)−1H (1.72)

����
����� ��		��������������� 	������
) -_P��+t�;
=7>�· � R��\^]T�V�-�B��_P]?�87G � R!�WR��][ZT "�cUP �4G � @q�]8,R>L4G�P �����]8��>� ��Y���E
c&���4*�SSTA< = P��]8�� ����?���� 'G�,27_P�R�z4*>iJj+kba\TA<
[ R�z ](Youla �]8�� ����?���� 'G )
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?,8#G��5P�� �43�%_R H(s) V�w�- (1.65) Y���E	c ��=�>�· � 9 aZT�V [\T�< = PUVNS�- = P�?�84G��5R$�WR��G[\T "Sc
P��4G�� @q�U8�,.7�8�*>i
j+kbaZTA<

K(s) = (YR −DRQR)(XR −NRQR)−1 = (XL −QLNL)−1(YL −QLDL) (1.73)

;�O/w�- QR - QL ,!�WR/TS?�@ � ��T��Wz/3&%_R�p��(V	[\T����)T�E�F+*�DSTA<

1.3.5 ��� !
	�����%���������"� ! #"% ���
) -F* ,�w.;�_�`��+�����
,.7_P�������/0,1F8_Y��6I ����9 aUcS^�;.<

ẋ(t) = Ax(t) + Bu(t), x(t0) = x0 (1.74)

y(t) = Cx(t) + Du(t) (1.75)

V =�� U>-�LWM P2 ��>R1%�� P��������*�,.-)�)8�P���8QP�0,1F8_Y���E/c�����.�·�0,1F8����6U.i�j+kbaZT��)�6,�4
T]^Z<4§da �
I2xA-�y�z
������GP�����T $ %_R �]= = V�Y���E/cN-)L"!Wµ,.)·�0�1F8/H�;�,.-�,1%�0,1F8�* �:9	aZT
p��4UU^?��G�X$#��{w.;4x�PSV)w�c&%)T49	a\T��)�/U98 ^Z< = aF,.7_P �+Y/Y�����9 aZTA< [9]

Eẋ = Ax + Bu (1.76)

y = Cx + Du (1.77)

H.v�+/X6k('Sc&%QT�<") 1.3.5 P+*�@��.�c��)GR�x.G���.����Rc�JjGT�< = PJJ�����GYAB{w c (1.77) PZ�_P�0�1�8SR�,

− −+

+ z1

yu

d

32

v1

v1 v2
z2

w2
∫ ∫

) 1.2: ���&-�.\R�`6G�������
S��][ VA7_P �+Y/YqT�TA<























1

1













































ż1

ż2

v̇1

v̇2

ẇ1

ẇ2























=























−2 1

−3 1

1 −1

1 −1

−1 −1 1

−1 −d 1























+























z1

z2

v1

v2

w1

w2























+























−1























(1.78)

y =
[

1
] [

z1 z2 v1 v2 w1 w2

]

(1.79)
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= P�+/X/kcV�XQT��FY�Y�-������)�
�	?!�b0d1�8F,.°)m1��.����R��J�G[ T���·+T2ªW1�R	`�E c]^GT = V2UWV�X]T�< = P
+/*�,20�E/cS^qTS^qU>-��	�/T�.)·�

U/(JHKaUcS^Kc
x O�ZY����U[\T = V.U�!���- = aFU>_�`�0,1+8ZV��6S����4T�T
uF*�DST�< = P + P �FY/Y�-���������� ?��b0,1�8QP �]Yq,.-���.������PZy�z �]8 �>���>U�§GP)H�H �,��9 aUc]^UT�<= P�;�n2-#�������P-.!0�� �]8��>� � $ �\Yq3�[\Tb9�;ZY�,�����������?�� ���6U ��w�cS^UT = V.U�M kbaUcS^UTA<
+\R 'Qc6x.V)X�T = V2*�DQT.U>-�����������?�� ���ZP��]YW,>LWMZY�,1%�0�1F8QR�(��q< = P�;�n2- $ %_R��{k�w�c� 7W� P�������QV)w�c&��� !Z� T��)�/U98_^Z<J+\PZ�)�ZY�,.7�P �+Y/Y��][ = V.U1!Z� TA<







1

1













ż1

ż2

v̇1






=







−2 0 1

1 −3 1

−d −1 (1 − d)













z1

z2

v1






+







0

0

−1






u (1.80)

y =
[

d 1 d
]







z1

z2

v1






(1.81)

9�kKYc- d 6= 1 R	D�R][\T�VA-
[

ż1

v̇1

]

=

[

−2 + d/(1 − d) 1/(1− d)

d/(1 − d) −3/(1− d)

]

+

[

1/(1− d)

1/(1− d)

]

u (1.82)

y =
[

d/(1 − d) (2 − d)/(1 − d)
]

[

z1

v1

]

+ [d/(1 − d)] u (1.83)

V ,A� = V.U�!Z� TA<(V = � U>- d = 1 PZ�)�ZY�,.-
ż1 = −3z1 − 1.5u − 0.5u̇ (1.84)

y = −z1 − 2.5u − 0.5u̇ (1.85)

V.T{IK- (1.34) P��4*�,����/*�SWT]^ = V.UWV)X�TA< = a �6I (1.77) P����
, (1.34) P����9�6I2x:6 ^���8���P�����
��R��J�U[\T = V.U�SST = V.U�V)X�TA<
7\Y (1.77) *&���:9	a+;J��.����P � Y�GG^Kc2��jUT�< z(0−) = z0 V)w�- u(t)(t ≥ 0) R�¶Z·FmSYc¸W¹/* Laplace

$JK
©�ª/T�3&%(V	[\T�VA-�� $ R Laplace

$JK w�-
(sE −A)Z(s) = Ez0 + BU(s) (1.86)

= a �6I - z(s) U,
�L YZR�H]TN;)nUY�, sE − A U&���/*)T�PKaFT�T
k�TS^ = V>U�V�X�TA< =�= *Ns�l�w2T�P a4��T
k
T]^,P�,.- (sE −A)−1 US?�@��)�QV.T�T�V>,��
k2T]^ = V2*�DSTA< = a �6I � U δ 3&%���§GP�.�·_R�(�� = V.U�DQTA<
+�j��2-

(sE −A)−1 =

[

0 1

−1 s

]

=

[

s −1

1 0

]

(1.87)

= aQRFx+Y 4�w ��- w��+Yr< � - sE − A( � P�
 ���>�N����R�
 ���N�N� � � G�>� V�^6Y¦< ) PZ��� R"! Y¯</G�H�IK-

M(sE −A)N =

[

sIr − F 0

0 In−r − sL

]

(1.88)

V	[\T(����E�F M - N U/����w�- L , #�$&$\P�
 ���N�N���QV.T�T�< (1.77) * z0 = 0 V)w�c
<6X6k M R&%���w�-

N−1Z(s) =:

[

z1

z2

]

(1.89)
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V�R�d�[\T�VA-
M(sE −A)NN−1Z(s) = MBU(s) =

[

G

−H

]

U(s) (1.90)

= a �/IK-
[

sIr − F 0

0 In−r − sL

][

z1

z2

]

=

[

GU(s)

−HU(s)

]

(1.91)

V.T{I - e �����4*&���S[ T�VA-
ż1 = Fz1 + Gu (1.92)

Lż2 = z2 + Hu (1.93)

V.TQTA< = a �6I - z1 Yq3/w�c),>L�M Pc_�`W�F���J�/*�DST P�*.- � , ) -_P	9�;(V O"�\Y�2+n/k:aZT�< = P z1 ,���%
C�� �IV�a��KaZTA<)L�0�- z2 ,.-

Z2(s) = (sL− In−r)
−1Lz20 + (sL− In−r)

−1HU(s) (1.94)

=�= *>- L U�#�$#$/*�DSTKP�*N- (sL− In−r)
−1 ,/������%\Y��"��*�S2-4§daQR��\^UT�VA-

Z2(s) = −
p−2
∑

i=0

siLi+1z20 −
p−1
∑

i=0

siLiHU(s) (1.95)

;�O/w�- p , Lp = 0 R2�/;d[�#�$��1%+*�DSTA< = a �6I

z2(t) = −
p−2
∑

i=0

δ(i)(t)Li+1z20 −
p−1
∑

i=0

LiHu(i)(t) (1.96)

V.TQTA< � E�cN- L 6= 0 *�D]T�V z(t) , δ 3&%��)§GP	.)·�R-1�·\Y (�� = V�YNT�T�< = P �FY�T z2 R	�!G��>� �#C�� �
V�a�=q< = P �4Y/Y ����������? � ����9	a4;��������*�,>LWM Y 2 G�P4C�� � R�( %N-�7��+*.�Ft TA©�
�1� P����� a_Y�� ��c !Z^����ST��������ST��! � #"�$�%'&d^� �V�Y($*)]a,+]^	� (1.77) ��-�
���"��ST�.�/�P�������0�1�$
(F,G) 2 (L,H) � � a,3da4-�
���"��ST� �V#��576baUc]^UT��

1.3.6 8:9<; >=7?A@
B�C " �,D�.�������*E4F,GH$#2#��.����I�J��LK $ %�2�M�N!OQP�R u S�T�R y

�	U�V4W*X�Y�Z I*[,\ Y�Z]�^ x _
�("	`�a!b U�cHd .#�:e(f ��g  	K*[�h V�ij�c#k!dlm(n K�o n(p�q I*[�h�"�rHs#��2�o n4p�q(t K*P�R�$�u c u S
& c#v!w +�� UHx +L6�y#2(z w(x*Y,Z J{|+�}e u K*��~�S�& c#v!w +�� UHx +L6*+ d �LN4.#2�o n(p�q KT�R�$ y "
�:O�2 � K*��~|�*����|"H�Hs�K��#�����|"��|s�K���K����:e�J���H���L6*+ d �! ULV�� & c 2J{H������P�R�2��� T�R��#����LI	�	�H� V ����& c o n(p�q I*[�`�\�s�E�|���,s��! U $��4� V�� K iH��V [:b U s�� [10][11]

ẋ = Ax + B1w + B2u (1.97)

z = C1x + D11w + D12u (1.98)

y = C2x + D21w + D22u (1.99)
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  �"�2 x ∈ Rn $ Y�Z 2 w ∈ Rm1 $#J{�N4.�$�������2 u ∈ Rm2 $����P�R�2 z ∈ Rp1 $#� � T�R2 y ∈ Rp2 $������
"��Hs��! 	K*[�hL$ � K i���V e
	(` b U s��







A B1 B2

C1 D11 D12

C2 D21 D22






(1.100)

 U I Doyle K*[�`��:S���� �S#���Hs������,K
���H"�$ z S u K�����+���� q I#� ��� ^ S�& c �������! �":b U s
 �S V +�s��LN4.#2! U�V�� �>& c o n(p�q K
#�$ � ^ e � K i,��V ��%!b U s��

[

z

y

]

=

[

P11 P12

P21 P22

][

w

u

]

(1.101)

._�& 2
Pij = Ci(sI −A)−1Bj + Dij (1.102)

"��Hs��
z I�� �!� ��& 1.3.6 K�')(*�,+.-�/!I v:w s��|M�N:O 20��1�2 n

V�3 b U .!4)5 y ��676�K
4)5 s I
8�6|\�s �S
I v w s �� 	K
� V�� \�s��	��9;: m=<?> K
#�$ � ^ IA@H/Hs���  #"#2 z 2 u 2 w1 2 w2 I ��U 3 U & 1.3.6 K i���V�v

+

+

B2
1
s

A

C2

K

B1
C1

D22

D21

D12

D11

& 1.3: �4��9,: m�<?> K)B�C�D l�E &
w s��
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(filter)

y

m

KP
s

(signal) (line) (estimation)

ŝ

& 1.4: ' (*�;+!-�/

y

−

K

P

w1 = m

w2 = s

u = ŝ

s − ŝ = z

& 1.5: ' (*� +A-�/�K#�4��9,: m�<?> V�i s�[�h

 U�i O
z = w2 − u (1.103)

y = Pww + w1 (1.104)

N4.$�2
[

0 1 −1

1 P 0

]







w1

w2

u






(1.105)

S#+�s���� V 2 P ��o n�p�q	��
 S�& c (A, b, c, d) I��M|S \�sS�2�o n(p�q $ � K�E4F,G�"�[:b U s��
ẋ = Ax + b2w2 (1.106)

y = c2x + 1w1 + dw2 (1.107)

z = 1w2 − 1u (1.108)

 U i O�2






A 0 b 0

0 0 1 −1

c 1 d 0






(1.109)

S d���iH��V�� G=9|"�rHs �
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1.4
���������
	���
�����

B�C N	""�$#2��������!�LK ^�� ��[�h V M d	c�� ��&�.#��&���&�2����,K*����I � + � � V $�2������LI�� d . d
�� �s"!;($#�+��4������I
 �"H\�s&%�'>e)( d ��* C "�$+! (�#�+ �4�����LI",�-/. ����\�s(K V ���'S#+�s�o n(p�q
K$0�1�9'S�2.� n #)$ � ^!V M d	c�� �\�s���._�&�23�54 ]�E�6 o n(p�q _��I$7 O98 � �!  #" v!w	cHd s$! (�#
+ �4������$#2 & 1.4

V ��\ iH� +�: m�<?> KT�R�I5: < :���;�< T "����'&�23=�K���I$� d�c?>A@ ;�<|"�����P�R�I
����&"B C �AC�D �FE (Z.O.H) I$G�& c : m�<?> V)H!w s iH� +�o n4p�q "��Hs��!  #"�B C �AC�D �FE�S�$#2�P�R�K
��I+IKJ C�L�� V � � ��� (  	K�o n(p�q KM%�' T ) N��'& c�O �QP ~H"���s��

u(kT) y(kT)

Z.O.H

PLANT

COMPUTER

T

D/A A/D

y(t)u(t)

& 1.6: 7 OR8 � ! (�#�+ �4�����

SKT?UKV�WKX�Y�Z

N�y�2|o n(p�q K",�-�I"[�\ V \�s�.�/ V 2;: m�<?> I*P�R 
 {u(kT )}(k = 0, ...) �L6#T�R 
 {y(kT )} t(]+] \�se
KHS�& c�^ !=��9,\�s�� ��_ K�o n(p�q � � K Y�Z�` �#[�h�"�a w 6 U se�KHS�\�s��

ẋ = Ax + Bu, x(0) = x0

y = Cx + Du

 	K): m�<?> V 2bB C �AC�D �FE	KT*R�I*P�R:&#."%�'LK4T�R 
 {y(kT )} $$c�dE4F,G|KM, i OR[�\ V ����"�rHs��4P
R u(t) ��B�C �AC�D �FE V�i Ofe=":b U�cHd s�K("�2;: m�<?> t K*P�R�$ � G�"�a w 6 U s��

u(t) = u(kT ) (kT ≤ t < (k + 1)T ) (1.110)

N4.#2 (1.30)
i O u(t) V�� \�s�: m�<?> KT�R�$ y(t) $

x(t) = eAtx0 +

∫ t

0

eA(t−τ)Bu(τ)dτ (1.111)

y(t) = Cx(t) + Du(t) (1.112)

"�a w 6 U s���g j�c 23�$h t = kT "�KT*R�$#��G|K t
V
kT I"iP'& c

x(kT ) = eAkTx0 +

∫ kT

0

eA(kT−τ)Bu(τ)dτ (1.113)

y(kT ) = Cx(kT ) + Du(kT ) (1.114)
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S a w 6 U s�� ��V 2 t = (k + 1)T KT*R:e > � V

x((k + 1)T ) = eA(k+1)Tx0 +

∫ (k+1)T

0

eA((k+1)T−τ)Bu(τ)dτ (1.115)

y((k + 1)T ) = Cx((k + 1)T ) + Du((k + 1)T ) (1.116)

S�� c a w 6 U s���� (1.110) K	��
LI$� d s�S���o n(p�q I"[�\�	�?dE4F,G V�� r	��\���S�����rHs��������
x((k + 1)T ) = eAT eAkTx0 + eAT

∫ kT

0

eA(kT−τ)Bu(τ)dτ

+

∫ (k+1)T

kT

eA((k+1)T−τ)Bu(τ)dτ (1.117)

S�'O�� u(t) � [kT, (k + 1)T ) �	� � � u(kT ) I"7:s���S�I����,\�s�S��
x((k + 1)T ) = eATx(kT ) +

∫ (k+1)T

kT

eA((k+1)T−τ)Bu(τ)dτ (1.118)

S��s���� V ���G������� "!$#��
∫ (k+1)T

kT

eA((k+1)T−τ)Bu(τ)dτ =

∫ T

0

eAτdτBu(kT ) (1.119)

S ]+6 ��rHs��%�"���&�
Φ := eAT Γ :=

∫ T

0

eAτdτB (1.120)

S �(' \�sS�� y(kT ) # (x(kT ), u(kT )) )$� d�c

x((k + 1)T ) = Φx(kT ) + Γu(kT ) (1.121)

y(kT ) = Cx(kT ) + Du(kT ) (1.122)

S��?d"*�+-, V�i OQ[:b U s��%�"���&� (Φ,Γ) #5: < :�. < L . 1 < + D�/ � T ��0LN UHx	��^ ��
 S�� c ������rHs
��S V�1�2 \�s��3� U i O4� �����65*PLT*R �	7 � : < : �"89�95 �L_�:�)�� w�U�x � (1.121) 5���d"*;+-, V�i4j*c�<
u V `4a b U s;�S	�4��Hs��$���	��� (A,B) �6= (Φ,Γ) )!@�>,s�?;@�59�S�)(o n	p�q )M0+1�9 (discretize) \Ls4S d� ��A;B�� : < :��"8 ���(5	C�����D P �9E UHx �3=(5���#

x(kT + τ) = eAτx(kT ) +

∫ τ

0

eArdrBu(kT ), (0 ≤ τ < T ) (1.123)

y(kT + τ) = Cx(kT + τ) + Du(kT ) (1.124)

V�i6F ������rHs��

z G�H%IKJ�L T�M(N9O;P
Q"R ��#	���+� �����6)"0K1��65S��d�5 Y�Z�` ��[4hT�#[�\&*���U&V d�c�� �6�	BK��e	f(W g �$�&5 ^ ! �T)"� d#c on(p�q 5",�-/. ���6)�\ s���X���Y � � ��;Z s iH� U; j�c�[�cHd s����������$�A#�$ � ^ )$� d s iH� U���0�1��
5K\6]	^ ��7 U�_;�(�	B ^ !=��)$� d =�Z s&%�'�e�EHs��+* R �(#	��: m�< > )�\�^ 
 {u(kT )} ��=�]K^ 
 {y(kT )} t
��` ]+] \�s#o n	p�q X�� c `(a�\Ls�*���U;V d�c a-a�s��3�&5�B�>(US�$A�y��?d�*�+9,T)M, � *��U;V d�c�� ��b�s��
��5",��3U;#���������5"c?d"*�+-,T)$, � �-U Laplace c ] )$� d B�5�X > � U�� z c ] )$� d s�� ^�
 {x(kT )} ��aw =�Z-B����3=�ZT5 z c ] # � 5 �(' ��a w =�Z s��
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[
�('

] z c ]

Z{f(kT )} := F (z) =

∞
∑

k=0

f(kT )z−k (1.125)

������,�-$��Y � � d =�ZLs z c ] 5�����)�����U �9b	�
1. (
E�6 � )

Z{c1f1 + c2f2} = c1Z{f1} + c2Z{f2}

2. ( ��	�
 )

Z{f((k + n)T )} = zn(Z{f} −
n−1
∑

l=0

f(lT )z−l)

Z{f((k − n)T )} = z−1Z{f}

3. ( '�"�
 )

Z{f ∗ g} = Z{f} · Z{g}

B_$���
f ∗ g :=

k
∑

l=0

f((k − l)T )g(lT )

4. ( ����(, )

f(kT ) =
1

2πj

∮

F (z)zk−1dz

5. ( ��<�� ��� )

f(0) = lim
z→∞

F (z)

6. ( ����� ��� )

f(∞) = lim
z→1

(1 − z−1)F (z)

7. (Parseval 5 ��� )
∞
∑

k=0

f2(kT ) =
1

2π

∫ π

−π

|F (ejθ)|2dθ

��5 z c ] )$� d�c ��������5
#)$ � ^ ��\3]	^�4)5�5 Laplace c ] 5�� X�� c �-' b�Z�B(5�X > � UK��\�]	^ ^�
 �
5 �	7 )��-b?2.� n #�$ � ^ #�=�Z���Z�5 ^ 
 5 z c ] 5�� X"� c	�(' b�Z s��3��5+2!� n #�$ � ^ #	� (1.121) ) z c] b�s���X;U ij�c [�\3U�� =�Z s��������

zX(z)− zx(0) = ΦX(z) + ΓU(z) (1.126)

X� F � x(0) = 0 X�b�s"X
X(z) = (zI − Φ)−1ΓU(z)

X��s���g j�c �32.� n #�$ � ^ #��
H(z) = C(zI − Φ)−1Γ + D (1.127)

X��s��
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[ z ]
� 5�o n(p�q ) Z.O.H U i6F T �$�50�1�9 ���3=(5+2.� n #�$ � ^ )A@T>Hs��

ẋ =

[

0 1

0 0

]

x +

[

0

1

]

u

y = [1 0]x

��5�o n(p�q U � b�s��?dT5�����*�+-,�#��

Φ = I +A+ 0 + . . . =

[

1 T

0 1

]

Γ =

∫ T

0

eAτB =

∫ T

0

I +AτdτB =

[

1
2T

2

T

]

g j�c �)@T>Hs�2.� n #�$ � ^ #��

H(z) = [1 0]

(

zI −
[

1 T

0 1

])−1 [
1
2T

2

T

]

=
T 2(z + 1)

2(z − 1)2

X��s��

J�L T&M(N9O;P I���� P
	
�
Q"R ��#	��\6]S^�� 
 ��) � ��6:,s(e�5-X"����2A� n #�$ � �$) � w B	�T�&5 2A� n #�$ � ��U�#K������5����-���
T U�� ��7  � ����EHs������-5����3)�� w s"X�r	�;: m�<?> 5$;���������)�� w s���X�#�����U�� P �9E,s����%�

5�A"A��(#�;��������3)�� w s���X�#"��r���K�%�"���(#��32.� n #)$ � �|�3=��;: m�<?> 5$;��������3)	0 � b�s�*
�6)�� w s��
�4�3U���� � ���\�^���]	^65+�54"c+����� US\�^ X����&�

u(t) = sin(ωt) (1.128)

)K\9Z�s"X�� � �����-�95�]	^$#! �"3X$#�%$�'& j B)(&5�X���� � ,9��a w =�Z s��
y(t) = |H(jω)|sin(ωt+ArgH(jω)) (1.129)

B�*���� H(s) # ��_ 5 #�$ � �-��E,s��$�&5-X�r H(jω) )";����=#�$ � �%X ��&�(V�A F ��� � o n	p�q 5 %�'"�.#
$ � �65 s U jω )K\(Z�B+(&5;�$;�����#�$ � � X	�s�����5$;
���=#�$ � �$#	�(�(, i6F (*�3=��" iH� U�� ω X�� �
;�����"�dT��: m�<?> )$G=9-b�s���X;U ij �, �"3X$#�%6��}&5 iH� U��s#�(5�-�.6)� j �+��s��
V�/�U(��5$;
����#�$ � �����?2.� n #�$ � �9� �10�Z�s�o n(p�q �"#|}�5 i,� U&�s��() � w s��32(�&\�^ X"�����

u(kT ) = sinωkT (1.130)

)+2.� n #�$ � � H(z) )�6Vo n(p�q U \9Z s"X�b�s��%��5-X�r"]	^$#��
U(z) = Z{u(kT )} =

zsinωT

z2 − 2zcosωT + 1
(1.131)

Y (z) = H(z)U(z) (1.132)
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i6F � Y (z) )�� z c ] �����

y(kT ) = Z{H(z)
zsinωT

z2 − 2zcosωT + 1
}

=
1

2πj

∮

H(z)
zsinωT

z2 − 2zcosωT + 1
dz (1.133)

H(z) ��\�#��";�3U	��) �6B���9X�b�s"X

y(kT ) =
H(ejω)ejωkT

2
− H(e−jω)e−jωkT

2
+
∑

|α|<1

R(α)αk (1.134)

X��s����3U�� k ��
�d���r��9X���W	�(##�",�� 3 !$#�#� w �&�
y(kT ) = |H(ejωT |sin(ωkT +ArgH(ejωT )) (1.135)

X��s �$V-A F � H(z) 5�;�����#)$ � �6#�2=� n #)$ � ��5 z U ejωT )�\-ZTB (;59U;LsS��� UK� H(ejωT ) # ω )
ω + ωs �$B�*$���

ωs =
2π

T
(1.136)

X���� (��
H(ej(ω+ωs)T ) = H(ejωT ) (1.137)

X��s��$V(A F � H(z) 5$;���������# ωs 5$;�< � � X� j �+��s���X���d|��s��%��Z-#	\�^�4)5 X����&�
u(t) = sin(ω + ωs)kT (1.138)

X�� � 4)56)K\9Z�� (�� : < :�. < LS?�@%U i6F u(t) = sinωkT X(���T��V��" � �s���X;U����$���+��s��%��5 iH�
U���: < :6. < L	b�s��"X;U i(j �.���95$;
���T� ωs 5������ *�:!&

j ��� w s h _ )��)1 . Io < L (aliasing) h _
X�� � �%��5��)1 . I�o < L�h _ # : < :�. < L ��� X���`$ �	7 �(EHs��T�"���(#-��Z�������� �	��S�
0�1�� U � b�s ,�-�. ���6#��"�����-a9B��?d
���"*�+-,�� 2.� n #)$ � �6)�� � �&��� U��-aLs ����� U � b�s�(
5�X� �! > � U&��rHs���* � �(#�" � � #��9a(����
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Q�R�� #��������� ����������� �"!"c�#�$%��&���9U�'�� �'�)(�"+*�, �-a�-/.�0&1 ��2 �%��&��������3��4�56 � 7�8��/9�:��;(&'�<"=">�?�5@.A���������B�9DC;5@E �"FHGJI 0�K�L�'/M�N%O�P�Q 2 �������R"S&T �DU 5/L/V%L��U 5@.�W�X�(ZY�[AO�\�];��^�<"="�%��&��� 2 S&T ( _�`aS&T )
��U 5@b�NAR U 5@.dc�c �"F�e (���&�����/S&T�Pf 8��hg�T��;(�'�<"=ji�k�C;5@.

2.1 lnmpopqsrut vxwaynz{j| F�e (Z�A������/�~}D����� f 8��/S�T�Pd(�'�<"=��%����.&�����%����������Z�d��5@.
ẋ = Ax + Bu, x(0) = x0 (2.1)

y = Cx + Dy (2.2)

c~����������KB �����;(���C;5 e������ x0 �hi 2 �%�����h(��)���@��-/.
x(t) = φ(t, x0, 0) = eAtx0 (2.3)

c~� fj�
lim

t→∞
||φ(t, x0, 0)|| = ∞ (2.4)f O 5 x0 �/!�S&TAO e��&��� f <�<Z��!�S�TAO e������ � G -&OD< f"� �D������ 2 S�T ��U 5 f <A��.;���"(���C�?=�� e&����� (���*h=

lim
t→∞

||φ(t, x0, 0)|| = 0for all x0 ∈ Rn (2.5)

� f"� ������ 2 _�`�S&T ��U 5 f <%��.
[ T�� 2.1] �"!���#�$��%�h_�`�S&T�P��~��� (2.2) R/_�`�S&T ��U 5@b�N����& �¡ 2 ��Y�P��&}D�

det(sI −A) = sn + αn−1s
n−1 + ... α0 = 0 (2.6)

�h¢��Z£ =���¤�¥AR"¦ ��U 5�c f ��U 5@.c��hT��)(D�;§¨.A��&�����jS&T�P;�/©�ª�C)5"-�«D( 2 �A����D��¬� A ��®/¯�°;�/9�:�C�� ± �&<�c f R�²�L%5@.c�c �j³�´ *�O�4j��±�O���OD<&� 2 �dc~�hT�� 2 �"�&$)(���*h= 2�µ�¶ *�OD<�c f ��U 5@.��;(~8��Z·���¸�C�.
[ · ][3]

A(t) =

[

acos2(t) − 1 1 − asin(t)cos(t)

−1 − asin(t)cos(t) asin2(t) − 1

]

(2.7)

Φ(t, 0) =

[

e(a−1)tcos(t) e−tsin(t)

−e(a−1)tsin(t) e−tcos(t)

]

(2.8)
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cZ�)�A§

x(t) = Φ(t, 0)x0 (2.9)�
1<a<2

f C���±������� 2�� �hLD(Z!�S&T ��U 5@. f c��/Rj� A(t) �&®/¯�° 2
det(sI −A(t)) = s2 + (2 − a)s + 2 − a (2.10)

= s2 + 2αs+ 2α, -��A* α = 1 − a/2 (2.11)

��	�=j�
s = −α ±

√

α2 − 2α (2.12)��U §¨� 0 < α < 1/2 (���*h= 2 s
2�
�� � S&T f OA5J.cZ�A(���*h="� �"�&���hS&T�P 2 �%�hT�� � �)���@�)5@.

[ T�� 2.2]��~��� Σ R/_�`�S&T ��U 5j-�«���b�N����� �¡ 2
lim

t→∞
||Φ(t, 0)|| = 0 -��A*�� ||A|| := sup

||Ax||
||x|| (2.13)��U 5�.E�>A� A ��������������;<"-/S&T�©�ªA�h��� ��2 A ������� D�� ����(��+*h=�8��&®�¯�°%�� ���9�: *�O�4���±&O�hOD<Z.dcZ��(���*h=~�"!$# D�% �������R'&)(+*', f *h="�)���@�D=�<�5 f~� (Z�"-$# D+% �AR"S�T f OA5jL/VAL��.+/ ���&�h¤�0 (@Y�P�¢���9�:H*hOD< � ¬AO;� ���%��>�?�5�. (

G�1 ��2 A �����������R�Y�[ O/$%� *h=D<���±�8�� {{ ��<�5�c f R � � 5 ) .;cZ�d� 2 ��3�4�5�6���7 ��8 ,9�;<����)5 G � ��U 5/R��;�':��;� S&T&P;��<�7DC%5�0 (�b�Nf OA5j� � c�c ��= kDC;5J.
2.1.1 >;?A@CB;DFEHGJIHKMLANJO;PRQCSUTADCVMS
����W&���)WYX��%����"������&)(+*�, R/�%������(��)���@��=�<�5 f C;5@.

G(s) =
n(s)

d(s)
(2.14)

-��A*J�
n(s) =

m
∑

i=0

bis
m−i

d(s) =

n
∑

i=0

ais
n−i, a0 = 1

(1) Z[#]\)��^��/S&T�©�ª��{j| ����_)`�a�� ��b),d�%§JOA5j')c�������O"Zd#]\)��^h¬�A�de+5@.






















a1 a3 ... an

1 a2 ... an−1

a1 ...

1 ...

... an

... an−1























(2.15)
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c~�h¬� H (���*h="����¬��� ∆i � H ����E	� �%§ 9�:�C;5@.
∆1 = a1

∆2 =
a1 a3

1 a2
.

.

∆n = |H |

c"�~�/����~����R�_&`�S�T ��U 5�-�«��hb&N�
 '����� &¡ 2 ∆i > 0(i = 1, ..., n− 1)
��U 5�.Ac"�h�&� 2 ��8���� ��D� R����*���CA<~Rj��¬� H R�� � , OA5���¬��� ��9�:�C�5"�&R���� ��U 5@.

(2) ���~���/S&T���ª���%�D����O��������h���[e+5@.
1 a2 a4 a6 ...

C11 = a1 C12 = a3 C13 = a5 ...

C22 C23 ...

C33

.

Cnn

(2.16)

-��A*J�

C22 =

− 1 a2

a1 a3

a1

C23 =

− 1 a4

a1 a5

a1

.

C33 =

− C11 C13

C22 C23

C22

C34 =

− C11 C13

C22 C24

C22

C(i)(j) =

− C(i−2)(i−2) C(i−2)(j−1)

C(i−1)(i−1) C(i−1)(j)

C(i−1)(i−1)

c�� f~� � 1 � C11 � ... �������j f <�<h�A�������R/_�`DS&T ��U 5j-�«��/b�N����� �¡ 2 C11 � C22 � ... Rj£ =�� �U 5&c f ��U 5�. { -/� Cii �&O�LD(����"R�O , ��¦A� G ��R U �D± �����h%����]������%����,�(��H*~<Z!�S�T�O�� RU 5@.
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[ · 1]d(s) = s3 + 6s2 + 11s+ 6

1 11 0

6 6 0

10 0

6

[ · 2]d(s) = s3 + s2 + 2s+ 3

1 2

1 3

−1 0

3

��	�= 2 �;�/!�S�TAO��AR�����C;5�c f (~OA5@.
(3) � � ����Z��/S&T���ª [5]� � 2 '������ 2hI 0�K�(��
	 ��U 5/R"�&·d��±�W '��j��, R�b),����D(� { ��=�<�5�� ��O�\�])(h�A�������R~ST ��U 5�����O�b),������D��� « 5�c f 2���� ��U 5@. f c �/Rj����,%��,AR'` , OY	j-H§ ����, R�� � , OA5 � � ,O 5 f ! �
� f O�5�.;c@�%(@�+*Z="����b�,�R U 5�� � ��°;� f 5��/�D��~���&R/S&T ��U 5�L�������( ."/ ���hC�5@�� R U 5@.;< { �
��b), R��%��� � �Z°;� f 5 G � f C;5@.

ai ∈ [αi, βi] (2.17)

c~� fj� �%� 4 '���`�a�� �hT� �C;5�.
1. f1(s):

an−2k =

{

βn−2k, k R�!),%� fj�
αn−2k, k R�"�,%� fj� (2.18)

an−2k−1 =

{

βn−2k−1, k R�!),%� fj�
αn−2k−1, k R�"�,%� fj� (2.19)

2. f2(s):

an−2k =

{

αn−2k, k R�!),%� fj�
βn−2k, k R�"�,%� fj� (2.20)

an−2k−1 =

{

αn−2k−1, k R�!),%� fj�
βn−2k−1, k R�"�,%� fj� (2.21)

3. f3(s):

an−2k =

{

αn−2k, k R�!),%� fj�
βn−2k, k R�"�,%� fj� (2.22)

an−2k−1 =

{

βn−2k−1, k R�!),%� fj�
αn−2k−1, k R�"�,%� fj� (2.23)
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4. f4(s):

an−2k =

{

βn−2k, k R�!),%� fj�
αn−2k, k R�"�,%� fj� (2.24)

an−2k−1 =

{

αn−2k−1, k R�!),%� fj�
βn−2k−1, k R�"�,%� fj� (2.25)

c~� f"� ����~����R/S&T ��U 5j-�«��hb�N����� &¡ 2 E� � 4 '���`�a���R/£�=+Z�#]\���^�`�a�� ��U 5�c f ��U 5�.
( £ =���`�a�� �h¢AR"S&T )

[ · ]d(s) = s3 + a1s
2 + a2s+ a3

f1 = s3 + α1s
2 + β2s + β3

f2 = s3 + β1s
2 + α2s + α3

f3 = s3 + β1s
2 + β2s + α3

f4 = s3 + α1s
2 + α2s + β3{ -/� n = 4m+ 3 �Z\�])( 2 �













f1

f2

f3

f4













=













1 α1 β2 β3 α4 ...

1 β1 α2 α3 β4 ...

1 β1 β2 α3 α4 ...

1 α1 α2 β3 β4 ...





























sn

sn−1

.

.

1

















(2.26)

f <%����;(~OA5�.dc~������( n = 4m+ k(k = 0, 1, 2, 3) (���	�=�� ��� � 2 ���DC)5/Rj� fi(s), (i = 1, .., 4)
2 � �)(��µ C�5�c f R�X�� 5�.&¤ 0��/S�T���ª�( 2 fi(s) �~8"���~�A(@��*�=����~� Z�#]\���^&��©&T��%����<��D±
	���KD(�¢��9�:�C;5�c f O , ��������/S&T�P;�����C;5�c f R � � 5@.

(4) :��������/S&T���ª�� [6]< { � f(s)
f
g(s) R�8~���~� Zd# \)��^�`�a�� ��U 5 f C;5@.A-��A*��

f(s) = sn + a1s
n−1 ... + an (2.27)

g(s) = sn + b1s
n−1 ... + bn (2.28)

c~� fj� �
λf(s) + (1 − λ)g(s), 0 ≤ λ ≤ 1 (2.29)� �)�D�@��`�a��DR"Zd#]\���^ ��U 5j-�«��hb�NAL�'/���� �¡ 2 �%�hT�� � �)���@�;5@.

[ T�� 2.3]

(2.29)
� �;���@�;5 `�a���R"Z[# \)��^ ��U 5/-�«��hb&NAL�'����� &¡ 2 � H(f)H−1(g) �Z¤ ®�¯&°%R (

G * ���DC&�± ) � ��U 5&c f ��U 5@.A-��A*J� H()
2 Z�#]\)��^h¬� ��U 5@.

[ · ]

f(s) = s3 + 2s2 + 3s+ 4

g(s) = s3 + s2 + 2s+ 1
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cZ�)�A§ �

H(f) =







2 4 0

1 3 0

0 2 4






, H(g) =







1 1 0

1 2 0

0 1 1







H(f)H−1(g) =







0 2 0

−1 2 0

2 −2 4







λ4 = 4, λ2 = 1 + j, λ3 = 1 − j

� 	�=j� (2.29)
2 Zd#]\)��^�`�a�� f OA5@.

2.1.2 ����B����	�CDFQCSUTUV�

W&���)WYX��%�h�AR� 2.1.2 ������( ��µ �Z��=�<�5 f C;5@.)c~� f"� �"-$# � % ����&)(+*�, G(s)

2

H

P
-

� 2.1: ���)�'-$# ��% �
G(s) =

P (s)

1 + L(s)
, L(s) = H(s)P (s) (2.30)

f O 5@. � 	h= 1 +L(s) �����A�/S~T�P�����?���± 8 <�c f R�²�LA5�.)c"�/!�S�T����A��,A� L(jω) � % �)� � C;5&cf (���§�� ?�5����AR�������A� �"S&T�©�ª�� �DU 5�.�	���K�Oj©�ª�� 2 � L(jω), (−∞ ≤ ω ≤ ∞) ��������E)( %��� �¨C;5@.dc~� f"� L(jω) R (−1, 0) �&�j9 �H§�(�����C;5���, 2
Z : -$# ��% ���/!�S&T��%��,
P : L �/!�S&T�����,f C;5 f � R = Z − P

f O%5@. � 	�="�"-$# ��% �%R"S&T ��U 5~-�«�( 2 R = −P C { § L(jω)
2 � �j9 �+§�( 1"!�$# P �����H*�O�4/��±�O��hO�<Z.)c~�����h('-$# ��% ��� ����	��AK�(�� «&O , f G S&T�P���©�T � � 5"�&R�c~� %�%�hY�3 �DU 5@. { -j��b),;(���5�S&T�©�ª�� ��2'& ��� � �  & \�])( 2�( � 2 X��;OD<~Rj�)� ������ �/��� 2 8� {�{ �%<�5&c f R)X��H5@.$*���+�,�����R/S&T)- U 5J\�]�� P = 0 - U 5�L�� � R = 0

f O § (−1, 0) ��� §@����� *OD<�c f (~OA5@. [ � 2.1.2 .�/ ]

[ · ] !$# � % �AR"!�S&T�����W ' 0 1 �"-$# ��% �AR"S&T1- U 5����@O�·�. [ � 2.1.2]

G(s)H(s) =
K1(T2s+ 1)

s(T2s− 1)
(2.31)

�����2,;� % � � � ��3 , G � W '���4�� 2 ��8���5�6)(��A§����/S~T�7;�98�S�R�²�L 5�c f - U 5@.�< { � !$# ��%
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Re

Im

(-1,0)

L(jω)

� 2.2: �����2,�� �/S�T�©�ª��
���Z����¥��%(h!���T�N� ∆ R/�]	�=�<�5 f *�����.
�
�%��-�«�(Z� P � H R"S&T1-�!$# ��% �AR�-$# ��% �ARjS&T1-U 5 f C;5J.)c~� f"� �d4��DK�O'�����2,;� % ��� � 2 � 2.1.2 ������(~O 5@.;c~� f"� � ∆ ����� & ��� � e−sT

{ -2�� � �
	 g
f */-��D(Z� +,����R"S�T ��� ( ����E;(�����0%' ) (~OA5 T � g ������������� � � ��� f <%��.dc��

T � g 2 � ����,�� % ���]� ��� ,�c f (��%§ � ��(��D«A���)5�. T 2�� � ����� f *h=��� 1 ��!�"
�)<~- fj��# ���
��,U� % � �]� f 8���!�R%$�&H*/-��'" P

f *�- fj��# PO f ¤�� R�O�C�( 7)"�*/9	�H§,+�9]	�-�($7 - U 5@.�W�- # g2 �����2,�� % ��� � f ¤�� f ��$�." Q
f�/ - f"��# −1/OQ -j�)���@�)5@.dcZ�H��� 6 2 5�6��0���':�,�� P0"/9521�7 f�/ = 843 �;<��@�)5@.�Y5+ # F�6 5�6�� � H∞

F�6 5�6��)���':�,;� P0"hY�3���4�57�8+d�;<��@�)5�.�9 / <
<�7 2hF�6 5�60� f c)� -/>D?�5,:
2.1.3 ;8<>=>?)@RDMQJS�V�
BA
� 1 { -- 2 # *7C���D�E +,��F��/S&T�P0"�©�ª�C;5,-�G0+�H�<~=">D?�= ��I :�J�1)- 2�K <��)� ,���+�,�����S&T�©�ª0+ KL3 �;< �@��=�<D5Y�NM % ��Z���©�ª�G0+�HD<"=">D?;5,:U�NM % ��Z��/S&T�©�ª�G 2 #�O � +,�����7P�Q
#�R � � =�S ��T�U�- U 5Y�VM % �$Z'*�,'"��;<j=~S�T�P0"h©�ª�C�5 G �$- # 88� ´FW8X%Y�Z K�+��&i / ��CA<[: ( \�]
��<�7 X ¯ �j�'*0��+,����+��/TDC0^,: )

[ T�� 2.4]( �NM % ��Z ) �.��+,����"
_d��^,:
ẋ = f(x, t), f(0, t) = 0 for all t (2.32)

,��)�'*�, V (x, t) R x
#
t +$* / =%`�a�b�� �
� - # V (0, t) = 0 "�c Id/2# ���7+

1. V (x, t) R��)- # α(0) = 0 Od^2`�a%O/W�e�f�*�, α() R���� / ="���'"�c I C�:
0 < α(||x||) ≤ V (x, t), for x 6= 0 (2.33)

2. γ(0) = 0 Od^2`�a%O�*�, γ() R���� / = # V̇ Rj���'"�c I C�:
V̇ (x, t) ≤ −γ(||x||) < 0, for x 6= 0 (2.34)
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Im

Re(-1,0)

L(jω)

� 2.3: �����2,�� �/S�T�©�ª.�Z·
−

+
P

H

∆

� 2.4: C��&T�N�� R/����¥��0+ ����C0^�-$# ��% �
3. β(0) = 0 Od^2`�aAO/W�e�f+*�, β() R��
� / = #

V (x, t) ≤ β(||x||) (2.35)

4. lim||x||→∞ α(||x||) = ∞

"�c I C�:dc�� f"��# ����� xe = 0
X ��� K$W���_�`�S�T1- U ^,: ( c�� V () R�����C0^�c f X ¤ X b�N� �¡1- G~U ^c f R
	 �@��=�<�^,: )

[ � ]�� �
ẋ = f(x), f(0) = 0 (2.36)

+�� / = # �.� 3  �¡)"�c I CM�NM % ��Z'*�, R�����C.^ f"��# xe = 0
X ��� K�+�_�`�S&T1- U ^,:

1. V (x) > 0 for x 6= 0

2. V̇ (x) < 0 for x 6= 0

3. lim||x||→∞ V (x) = ∞, V (0) = 0
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Re

Im

(-1,0) O

P

T

Q

L(jω)

� 2.5: !$# ��% S&TAO�4���K�O �����2,�� % ��� �
[ T�� 2.5]( ��� � # )

(2.36) +�� / = # V (x) R/�)�� �¡ (2) + ���."�� /2#�� �
	)�� �¡)"�c I C f C0^,: V̇ () R � ��\��.�)#�2�O/i5�
+�� / = G�� � K�+�� ��+jO��hO �j��± # � � X ��� K�+�_�`�S�T1- U ^,:
�NM % ��Z���©�T�G."��;<�^J\�] #����+f Od^7� X V () ")#7������+ ��µ C0^/L�- U ^,: f c)�/R���� � #)+���^2T

U9- X V +�*&C5^� �¡�R���«;���D=�� § # �2M % ��Z����F�����# O~©�T8G+��§ G ��µ / ��C%<�:&· " U� ^ :��0�
Lienard ��-&}D��"
_d��^,:

ẍ + f(x)ẋ + g(x) = 0 (2.37)

1. G(x) :=
∫ x

0 g(ξ)dξ > 0 for x 6= 0

2. G(x) → ∞ as |x| → ∞

3. f(x) > 0 for x 6= 0

< { V "h�)�h£FPFQ�#�R f�/ =7:
V (x, y) :=

1

2
y2 + G(x),

I � / y := ẋ (2.38)f C0^2:dcZ�)�%§ #
V̇ = yẏ + g(x)ẋ (2.39)

= y(−g(x) − f(x)y) + g(x)y = −f(x)y2 (2.40)

� 	�= # x = 0 � X y = 0 +�� / = V̇ = 0
f Od^,: f c)�/R # � �d"�^�<"= x = 0

{�I X
y = 0 +
� { ^�i����� / O<�� -�+,��� X ��� Kj_�`�S&T1- U ^,:

2.1.4 � �"!"#RS $
�% � �'& % ��Z��jS&T�©�ª�G)- X # K)( ��� ,8��+,��F��/S&T�P0"�©�ªDC0^�c f R�X�� ^jR # �����2,A� ��©�ª
G.������+$-$# ��% +,���8�hY�P%L)�d-$# �"% �)�/S�T�P0"�©�ª�C0^�c f X X��;O ( :dcZ�.+�� /
*7# �����2,�� �
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©�ª�G.���D��+�!$# ��% �d�hY&P%L%�d-'# � % �)�'+,������S&T�P0"h©�ª�C)^ %�G."��)�8^7��R �d��� � T��)- U ^2:c7��%�G X � � ��,;� ��%�G f�� OH§ # ���d� +�,��8&RhW�D�E)- U 	 I § # *j�)+',��8 - U 	 * G26 ��C)^&c f R)X
� ^,:
[ T� 2.1]xt

T " R ��� � f�/N# V " 6�� O'`&�'* � � f C0^N: x " T L�� V �F���
	 f C0^N:;c�� fj��# xt "Z���2-/T� �C0^2:
xt(τ) =

{

x(τ) τ < t

0 τ ≥ t
(2.41)

[ T� 2.2]X

X " x : T → V ��*�, L��hOd^ � � f�/2# �.� 3  �¡)"�c I C G � f C0^,:
1. X

X � #'�D�E � � f�/N# x ∈ X � f"��� � � #'�" ||x|| -j�DC�:
2.
G /

x ∈ X - U ��± # xt ∈ X R/£ * � t +7H ( * µ § ¶ H�:
3.
G /

x : T → V - # xt ∈ X - U ^ fj� H)c��� �¡AR µ § ¶ H�:
(a) ||xt||

X
t +�� /
* W�e�f+*�,)- U ^,:

(b)
G /

limt→∞ ||xt|| R�����C���± x ∈ X R U § limt→∞ ||xt|| = ||x|| R�O+§ ¶ H�:
[ T� 2.3]Xe

X ��TFU � � " Xe -j� /2# �.��*�, �%§ Od^���]1- U ^,:
Xe = {x|x : T → V andxt ∈ X for all t ∈ T} (2.42)

���7+ # Xe -�� � #' X x ∈ X - U ^ f"��# ||x||e = ||x||
f�/2#

x /∈ X - U ^ f"� ||x||e = ∞ -jT� �C0^,:
[ T� 2.4]H

Xe ×Xe �h¥����])" Xe -���*�b f ( � : G /2# (x, y) R H �hN��)- U ^ f"��# y X x +�� / * H ��*�bAR U ^ f( � :)���7+ H R Xe ��*�b)- U ^ f"��# H �hT� �� Do(H)
#
H �Z° � Ra(H) "��d������+�T� �C0^,:

Do(H) = {x|x ∈ Xe L�H (x, y) ∈ H
f Od^ y ∈ Xe R��
��C0^ }

Ra(H) = {y|y ∈ Xe L�H (x, y) ∈ H
f Od^ x ∈ Xe R�����C.^ }

[ T� 2.5]g, g̃

*�b H ��� � � g "����2-jT� �C)^,:
g(H) := sup

||Hxt||
||xt||

(2.43){�I�# *�b H ��������� � g̃ "�����-jT� �C0^,:
g̃(H) := sup

||Hxt −Hyt||
||xt − yt||

(2.44)

I � /N# sup X Do(H) �h£ * � x
f
t ∈ T +�� /
*%f ^,:( { �.� ����O 2 H8��*�b H1

#
H2 L;� ��µ �h�5^�-$# �"% �0"
_d��^,:dc�c�- # ��� x

f X�� y �����)"
_ � *7#� X���S&T�P0"��.������+@T� �C0^,:
[ T� 2.6] � X���S&T
*�b H Rj�.� 2 H��� �¡)"�c I C�* # H X � Xh��S&T1- U ^ f ( � :
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+

a2x+ w2 e1
H1

y1

y2 H2
e2

a1x+ w1

� 2.6: 2 H���*�bAL�� �&µ �Z�5^�-$# ��% �
1. H R/¯���:dH { § # x ∈ X, ||x||e <∞ +�� / * y = Hx R ||y||e <∞

2. H R[`�a�: H { § # £ * � x ∈ X, ||x||e + � /'* #d2jO ε > 0 + � /�* U ^ δ(ε) > 0 R���� / *
# G / ||x−y|| < δ(ε)

- U ��± ||Hx−Hy|| < ε
f Od^,:

c�� f"��# �8��-$# ��% �AR/� X���S&T1- U ^ I «������� �¡ X �.�hT��1-j�)�����5^,:
[ T�� 2.6]

E1 " (x, e1)
#
E2 " (x, e2) ��*�b f C0^,:dc�� f"��#

a)
G /

g(H1)g(H2) < 1 - U ��± E1

#
E2

X ¯��1- U ^,:
b)

G /
g̃(H1)g̃(H2) < 1 - U ��± E1

#
E2

X � X���S&T1- U ^,:
(
³

)H1

#
H2 R%D�E1- U ��± a)

#
b)
X W���C0^,:�5+�· f8/
*�# H1

#
H2 R8*�C���D�E"+,��F�- U ^�\�]5"�_ ��� � : I � /,# H1

#
H2

X�
 +hS�T - U ^ f	� T�C
^,: ( { X

f�/
*
L2e "
_d��^,:dcZ�)� § #

supx ∈ X
||H1H2x||

||x|| = ||H1H2||∞ < 1 (2.45)

I � /N#
||H ||∞ := supω∈Rσ̄(H(jω)) - σ̄()

XhF ��Y � ° (2.46)

R"���� �¡ f8/
* �)�����5^ : H1H2

X �����9,�� ��W�
�&)( *�,0+[� � C0^/L;� # c��� �¡ X , �)���0�Z\�] # � �
�2,�� % ��� ��R � �d"��%� f C0^ �� 1 ��!����F+�� ��C0^�c f +�� / ( :Hc���+,���8�Z\�] # �����9,�� �/S�T©�ª�G0+����D± # H1H2 � � ����,�� % ���]��R (−1, 0) "�W	� G � � / O��j����± 8�( f ( �jc f - U ^�L�� # W�X.+
�DK�- U ^�c f R�²�Ld^N:
2.2

������� �������������

� 2.2 ��-$# ��% �)"
_d��^,:dc���+,��� X z " r +�� � ���5^�����O�5�6��)��48��K�O G � - U ^,: ��� w L��
z
{ -���&)("*�,." ��!�C0^ f,#

Z(s) = S(s)W (s), S(s) =
1

1 + L(s)
, L(s) = P (s)K(s) (2.47)f O�^2:�c%� S() ""��7+*�, f �$#7: {�I�# S X r L%� e ���d&�(�*�,)+ G O�	 * ( ^2: � 	 *%# � � Y&P0" 8B3 �"�5^I «8+ X S "�X�� ^�� ���H� 3 /�I - R 8�( c f R�²�Ld^,: {�I�# ��7 *�,0+ X �.������O ´FW%G"U ^,:�E�d��-$# �% �)�d&)(+*�, H(s)

X #
H(s) =

KP

1 +KP
(2.48)
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P(s)K(s)
−

(disturbance)

r e

w

z

� 2.7: 8���° � � �
� 	 *%#�� � f�/
* X �.��!$# ��% � +,��� f �
	 - U ^,: ( { P R���� � �"� µ +���	 * P (µ)

f ���DC0^ f�/ �
P−

zo

k̃

k
1+kp

� 2.8: -$# ��% �5+��
	AO�!$# ��% �
� :dc��)�%§ �
	Y-$# ��% �1-���X�� f -$# ��% �1-���X�� X � ���~�&���2-j�)�����5^,:

zo(s) =
KP (µ)

1 +KP
r (2.49)

z =
KP (µ)

1 +KP (µ)
r (2.50)

cZ�)�A§ ��� � �"� ��)+���C0^'X��.�/���." � ���~�'�Z\�]5+�H ( * ��!�C0^ f,#
∂zo

∂µ
=

K

1 +KP

∂P

∂µ
r (2.51)

∂z

∂µ
=

K ∂P
∂µ (1 +KP ) −KP ∂P

∂µ

(1 +KP )2
r (2.52)

=
1

1 +KP

(

K ∂P
∂µ

1 +KP

)

r = S
∂zo

∂µ
(2.53)

H { § # !'# ��% "�-$# ��% �5+/C0^ f �
	Y!$# ��% �5+���� * ��7%R S
	 +~Od^�c f "�¸ /
* ( ^,:dc�� ´FW L�� G

S
X �H� ( - R 8�( c f R�²�Ld^,: f c)�/R�¤ X S

X���´ + �H� 3 C)^�c f X X�� O ( : P (s) R7C�S~TAO�� � �d"�0 	* ( ^J\�] # �
	�� -Ac7��� ���d"[�� /
* X
� � � ( � - # S(z) = 1
f � ^,: f c)���/i
� *�,'�����&°0� � �H�%§

S(jω) > 1 � � ^ ����� | �����0^�����+ � ^,: ( ���&°)� � ��� X #�� ^�� �1-� 
�"! � *�, X ���&°0" � ��#�$)-��
^�� ( �&%7� - � 	 I : )���7+ # -'# ��% �)�D�':�,��('�)
*0� I�+ +,% S X ��- 3 �/. � ( ���7"�¸ �10 : (
243
5 �76 �98�G�! �9: �d";�< *

G → G(1 + ∆) �>=@?�. I � /
A�0 :B��. X9C � A�0 ��D�E�F&G D1��-�=@?�.5^2:1� D�E�F&G D1�8" �
	,H�I /* � 2.2 "�J ^,:1����K5+ML / *�N�O ��Pd��Q,R�)�S)" 6�T �0^�� � �9'�)
*0� I�+ ��U
V�W
X X9C � A�0 + � ^,:
||∆T ||∞ < 1, T :=

L

1 + L
(2.54)



2.3. ��������� Z�� * 41

+−

++
PK

∆

�
2.9:

: �d" ;�< I	��
� 3 K
+ +

− _ PK

∆

�
2.10: ���,H�I@?�. I : ��� ;�< I	��
� 3 K

��� *�� H�)+ML /
* E���� 6 '�)� � ^ I�+�� X T ��P�? (�� ��� ( ���9�� "!d^$#1�
���9� �
T + S = 1 (2.55)

� � ^%!'& � T � S (*) � �	+�, � P�?.- �0^
����/"021 � ( # L �3( 3
5 R 6 /�4�5 ��6 #�798:��;	<�)
*�� 6 - � T/�P�?=- ��> .? � & � ( #94 � � � � K'/A@,#97983�B( � �"C * ��D�E�?�.=F�(�� S /�P ?G-AH �I> .? � & �BJ #
��( A�0*� S � T ��#	7"K��"8� 0 2 - �45 R � ?��.F%L*MN�AO�P9Q�R3L*M � J 0 #

2.3 SUTWV X�SZY\[W]
^ ��_I` (�a C *N��=������4S9b ! � � %dc�e�!"�"!"f%D9g�h*i�j�k�������* �$��l � *�� � F$#1��(�*�m'�%n�l !h%o��p:q'F9r � �����sr�/ ^ ��_B` (*t�a��A�9�"u"v �,A �*w�x 2 H JBy ( ��z F�{�r%k�0A1|F�{Ir*�B}G~ � ��l �

*|r%/*u"�:�,-IFd��� ( u�v=r�0*v ) !'&*�A�'( ^ ��_I` (*t�a��A�9�:�,-:F�{"rA�I}:F$# C ��� ^ ��_"` k9,�;
H ^ �_I` �I}:F"r&- � {�.�&%(�*"m'/ ^ ��_I` (A�:���B�=r$� J !9!� s~��A�3f%#G{9{%��/:{�.G&%(�*�m'�	,9�%�"8�r$�97K	�"8:� C9�9� > F$#

2.3.1 �s���s���G�
^ �A_	`

(1.34) ���3�	F�# ^ �*_�` (��I/ ^ �*_�` ($�%��*:(d �¡:(9r%{�¢$��0 w -�£ A
0$��� C * �%¤�¥ det(sI−A) = 0(A¦Gr"H w ��§ ?�..F$#.{9{%��¨�©�H*h > .B?�h'&Ah J (�/*¦'(*D�ª�R��I}BF$#«%¬	 λ k det(sI −A) = 0 ( m D�¦�I}BF9r�® � λ �A¯"K:°�D�ª�R3k m �I}BF9r J3± # 2 £ � «%¬	 λ
� L z F%«%¬B² G 6 
 ��4 C9³9´ h y (9(Aµ9¶	·�K
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k α �I}:F�r�® � α �������:°�D	ª�R3k α �I}:F9r J3± #f 2 ~ � α / λ �	«*¬�|r z F	��
 
� R D�E�F9G (�·"K:�}:F�# 2 £ � λ �	«%¬	|r"H w y f��
 
�� R D
E,F&G ( C K3� ni, (i = 1, ..., α) r z F9r�® � λ � L z F α e3( ³�´ h«*¬�² G 6 
 wi, (i = 1, ..., α) ������� � wi !�& C ( A ± � ³�´ h�² G 6 
 ( 4�5��«A¬I² G 6 
 ) ����F	{9r*k9021�F�#

wj1 = wj (2.56)

(A− λI)wjk+1 = wjk , k = 1, ..., nj − 1 (2.57)

4	5° � J �*w � 4f"(���
 
� R D�E�F&G /����|r"H w 4f�(Aª���h9«%¬��"a � L��sH ��� h�F ��
 
� R D�E�F&G(	«%¬��"a/ ³9´ �"! ± {�r%k�0�1|F$#
[ ��§ 2.7]

^ ��_I` �
λ k A (	«%¬���I}:F9r�® � λ / ^ ��_I` ( ^ ��_I` ��I}:F9r J"J � «%¬�|r"H w (*D�ª�R m;α;n1, ..., nα �A�'(D�ª�R�r J3± # (n1 ≤ ... ≤ nα)

[ # ]λ1

� LsH w m = 4
�
α = 3 (AD�ª�RN�A�3f ^ ��_I` (�#

















λ1

λ1

λ1 1

λ1

λ2

















2.3.2 $&%&' ()$+*-,/.10G�s� �s� ���
2	2 4	5'( ^ ��_I` � L z F$������3 � f J w ��§ z F$# [1][10]

[ ��§ 2.8] ������3^ ��_I`
(1.34)

� 4 J w ��5�6�798
x(0) = x0 �9}:F�¬;:9,9� t1 (	� �"< � x(t1) = 0 r z F A ± h u[0,t1] k�=�> zF%, � x0 /%�������I}IF9r J3± #@?	£ � � w ( 798 x0 k%�������I}:F9r�® � ^ ��_I` /	A��"�	�����I}:F9r J3± #^ ��_I` k A��"�������"}:F�£�B9(�W
X3/�f�C9(A��S�	D.�:&FE.F$#

[ ��S 2.7]^ ��_I` k A��"�������"}:F�£�B9(�G�g�!9f9U�V�W
X3/	H�I�( J�2 EB!9k�J�~ ´ fB{"r*�I}:F$#
1. W (0, t1) :=

∫ t1
0 e−AtBBT e−AT tdt k	K�L�I}:F�# ( {�( W (0, t1) �*������M�N@OQP4RBr J3± )

2. ������R�S3� V := [B,AB, ..., An−1B] r z F9r�® � rank V = n �I}:F$#
3. λ � A (�T�©�(	«%¬�|r z F9r�® � rank[λ −A,B] = n �I}:F$#
���	��3N(�U�L3h*i�jGr�H w D�g�I}:F�(�k � ��l � 3��I}:F�#

[ ��§ 2.9] ��l � 3^ ��_I`
(1.34)

� 4 J w � ¬;:9,9� t1 ?��I(90*vWV �YX y[0,t1] �2l � z F9{"r �9Z ~ 5�6�798 x0 �%4�© ��[ ���I®F%, � x0 /%��l � �I}IF9r J3± #�� w ( x0 k���l � �I}BF9r�® ^ ��_I` /	A��"��l � �I}:F9r J3± #^ ��_I` k A��"��l � �"}:F�£�B9(�W
X3/ � ������3N(�W
X�r%+�\ � C (A��S�	DN�:&QE.F$#
[ ��S 2.8]^ ��_I` k A��"��l � �"}:F�£�B9(�G�g�!9f9U�V�W
X3/	H�I�( J�2 EB!9k�J�~ ´ fB{"r*�I}:F$#

1. M(0, t1) :=
∫ t1
0 eAT tCTCeAtdt k	K�L"# (M(0, t1) �*��l � M�N@OQP4R:r J± # )
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2. ��l � R�S3� N :=
[

CT , ATCT , ..., (AT )n−1CT
] r z F9r�® rank N = n �I}:F$#

3. λ � A (	«%¬	|r z r�® � rank [λI − AT , CT
]

= n

(3) (*© � ����S° ������z F�# λ k ^ ��_I` (*��I} E:? x0 = wλ r J3± 5�6  � LsH w x(t) = x0e
λt r J3± «%¬

�9a:� y f*#.r�{"¢*k (3) (�W Xk
	£���EIh J λ � L�H w / y(t) = Cx(t) = Cx0e
λt = 0 r*h�~ � {�(	«*¬��"a � L zF�0*v�/
�� � 0 w {�h J {"r � h�F$#G{�( Z ± h%�'�%;9��l � h%��r J3± #@?	£ � λ k ^ ��_I` (A�� v k�� E � Lz F���«%¬I²���� 
 ��}	EB?�T"©3( 5�6�7�83� L z F v ����� (����3/ eλt

��� # z F$#'r	{9¢%k � v∗B = 0
� L z F vk�=�> z E:? �

v∗x(t) = v∗
∫ t

0

eA(t−τ)Bu(τ)dτ =

∫ t

0

eλ(t−τ)v∗Bu(τ)dτ = 0 (2.58)

r%h|~ � eλt (�«%¬��"a/���'(Au9v �9Z ~! �J�I®�h J {"r%k� "!�F$#.{�( Z ± h%�'�%;������3h%��r J3± #^ ��_I` ��"�# z F%$"P � L'&'( ^ ��_I` k	G 2 H y A��"���9��� A��"��l � r%h'&%h J $"P3k�}:F�#�#=��? �)( N
R*� �%�	�3h
+�o�,�V 
 (��.- ��/ � ��0.F Z ± h1$"P �2( N�R*�dr1,�V 
 �%443 � H%£15"¶�K'��� �*w ���4K'�1"�#z F�{"r%k���-d}:F�#�687 � ,�V 
 ( 798 / ( N�R9� (Au"v�!'&*/�;9�������B}:F�(�� � 5"¶
K3/	A��"�����sr�/�h'&h J #�:�;B(�"�#:��/ � {�( Z ± h�;����"��� ;���l � h 798 � y f ^ �	_I` � ! ± G�g'k	��-d}F$#={�( Z ± h ^ �_I` ��<"4B° �"! ± £�B � / � �"�	��3�� ��=N0�3N(�i�jk	G�g:�I}:F$#
[ ��§ 2.10] �"�	��3;9����h%��k�� w �����:�I}:F%, � ^ ��_�` /%�"�	��I}:F$#f�?=~ �

rank [λI −A,B] = n for λ ∈ C+ (2.59)

[ ��§ 2.11] �4=N0�3;9����h%��k�� w ��l � �I}:F%, � ^ ��_�` /%�4=N0��I}:F$#f�?=~ �
rank

[

λI −AT , CT
]

= n for λ ∈ C+ (2.60)

{�E=&%(�3"m3/ � ^ ��_"` (%�	���'� � ��F�; � /*µ�@ :	G�gh�W
X�I}:F$#������� ��l � 3.(A��§ � 4 J w M�N@OQP�R	k%��§)��E � ^ �	_I` (A��3�°"h�3"m'� [ � z F�( � TNJ &QE:£%#G{"E&%( R�S�/ ^ ��_I` ( 3"m'�A�'>° � y%? H w J F�# 5�6�798 x0

� L z F 798 x(t) �.@BA ±8C ,8D t = t1 ��E�F ��zF�u"v/�G ¥ �	D.�:&QE:£A#
u(t) = −BT e−AT tW−1(0, t1)x0J ? � L.&3(A���N(H�� z ��(�H�I�r"H w ||u||2 =

∫ t1
0
uTudt � � �IF$#={�(�J��BK%K3�1:�; � #�L z F�r �

∫ t1

0

uT (t)u(t)dt = xT
0 W

−1(0, t1)

∫ t1

0

e−AtBBT e−AT tdtW−1(0, t1)x0 (2.61)

= xT
0 W

−1(0, t1)x0 (2.62)

���*w �
||u||2
||x0||2

=
xT

0 W
−1(0, t1)x0

||x0||2
≤ σ̄2(W−1(0, t1)) (2.63)

�G��w �
σ̄2(W−1(0, t1)) ��MN�N-��"®�E:? � C ( Z ± h 5�6�7983�%O H w y%P h J1Q�R 
�S ���	��I®BF�{�r%k	 9!�F�#y H � A k1T����:�"}IF*h�& ( � w (�«A¬�'(�:	�Bk�� w K )

�
W := W (0,∞) /�G�(VU�W (.X
Y ��¤�¥ (2 Gr�H w�Z�[ �

� �1\ B:F�{"r%k��I®:F$# [12]

AW + WAT = BBT (2.64)
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?	£ � +�\ � H w ��l � M�N@OQP�� M /

ATM + MA = CTC (2.65)�WZ ~ \ B:F"{"r�k9�I®F$#�H%!NH � t < ∞ �I}F%$"P � / σ̄() / ^ �	_I` (��WN�� �YX�� > �I/ [ � � E:h J (	� �
� E�� E( t1

� O H w K	:° �1\ B	h > E:?	h'&Ah J #

2.4
	�
���������

��� ��/ � ^ ��_I` (*��r$���9��3�� ��l � 3��'f J w pBqI£�#��{%��/ ^ ��_I` (A��k ^ ��_I` (%�	��3WH  � y^ ��_I` (%t"a � ¶'®|- ���N� D.�IF"{"r%k� �! � £%#�G � ^ �	_I` (*t�a�� � �BF��:����� � D�g��I}:Fd�B� � f Jw pBq'F�# ^ ��_B` (��B�/�F �"� � �	��3 � ��� �!�� �#"B��$ L*M3��D�g3h&%�''�)(�£ z #�H*!3H � ^ ��_B` (A���� q w ��§:k�ª��:�B}G~ ��*�+ k-, J (�� � ��(*© � �).�/ �10  N��E w J h J Z ± �32  �EGF$#9e � ��/�,�u'0*v4 (���� � f J w�5 H'- p�q'F$#

2.4.1 687:9;6=<>9��s���s���8?A@
4	u9v"4�0*v 4CB 4 J w ��-ED &QE w J F Z ± BGF�H�I K�KKJ

G(s) =
n(s)

d(s)
(2.66)

r z EB? F n(s)
F
d(s) k&L�M�NI}	E:? F � � �I�/ � E�� E d(s) = 0

F
n(s) = 0 (A¦ON	D.�B&QE:£%# J ? F n(s) = 0 (¦�r"H w s = λ k�}QP�£r z F�#={�( ^�R _I` B u(t) = eλt J�u"v z F9r

y(s) =
n(s)

d(s)

1

s− λ
=

(s− λ)ñ

(s− λ)d(s)
=

ñ

d(s)
(2.67)

r%h�~ F eλt ( J�/�/�0*v B 0 w {�h J #Bf�?.~ F �I�/Au"v�(TS-U ��VWJ ? H w J F9r � �I&QENF$#N{�( Z ± h��I�Bk
,	u'0Av 4 N C ( Z ± B �9§2��E.F%!�J1G � N 5 H'- pBq'F$#

2.4.2 XY7Z<>9\[ �\?A@
^�R _I`

(A,B,C,D) J � �IF$#={�( R�SWJ)V J w ^�R _I` R�S P (s) J�G3( Z ± B ��§ z F�#
P (s) =

[

A− sI B

C D

]

(2.68)

{�( P (s)
B K&]�H w G3(3^�M3k�J ´ z F$#

[ ^�M ]^TR _9`
(A,B,C,D)

B 4 J w&F 5 6�7�8
x0 r�u�v u(t) = u0e

λt
B O H w)F 7�8 k x(t) = x0e

λt N"}'~d0�v�k y(t) ≡ 0r%h�F%£�B9(�G�g�!"f&.�/`_�a3/�G ¥ k�J ´ z F�{"r)NI}:F�b
[

A− λI B

C D

] [

x0

u0

]

= 0 (2.69)



2.4.
^�R _"` (��I� 45

����� � � l���3��)_�aON F λ J A �	«%¬�|r z F9r�® F
{

(A− λI)w = 0

Cw = 0
(2.70)

?	£9/ F
{

v∗(A− λI) = 0

v∗B = 0
(2.71)

k�J ´ z F Z ± h w
F
v k�=�> z F	� F ��� λ / � EQ� E�; ����� h%� F ; � l��3h%��r J�
 E�£&b={��:{"r-J	 J����F	r F (A− sI) r C ������������� C 39¦�/%; � l��h*�QNI}=~ F (A− sI) r B � �������	��� C 39¦3/%; ����� h�ONI}:F b�£ � H F {9{&N J3± C 3"¦�r�/ F ,�� ¥ R�S M(s) k�=�> z F	� F M(s) �����	��� C 3"¦QNI}:F�b ��� H F

M(s) �������Gr�/ F M(s) J R O R K� 4CB�! o|H%£�����E�F�N"h J O�" g�#QNI}:F�b
[ # ]

A =

[

0 1

−1 −2

]

, C = [1, 1] (2.72)

{�� C r A− sI ���������	��$1G ¥ N	D.�&%QE.F�b
[

1 1

0 1 + s

]

(2.73)

:�; F

[1, 1] = [1, 0]

[

1 1

0 1 + s

]

[

−s 1

−1 −2 − s

]

=

[

−s 1

−1 −1

][

1 1

0 1 + s

]

J ? F (A− sI) r C �Aµ9¶��������	�KJ Aō(s)

F
(A− sI) r B �Aµ"¶������'�	�KJ Ac̄(s) r9H F

A− sI = Ao(s)Aō(s) = Ac̄(s)Ac(s) (2.74)

r�/�  z F�b�G B Ao r C �Aµ"¶��������	�KJ Acō(s),Ao(s) r B �Aµ"¶����4�'�	�KJ Aoc̄(s) r"H w-F G�� Z ± B /� z F�b
Ac(s) = Aco(s)Acō(s) (2.75)

Ao(s) = Aoc̄(s)Aoc(s) (2.76)

{�E Z ~
A− sI = Aoc̄(s)Aoc(s)Aōc̄(s)Aōc(s) (2.77)

= Ac̄o(s)Aōō(s)Aco(s)Acō(s) (2.78)

r�/� )��E.F�b={�E(%	�4K�) J)V J w ^�R _�` R�SKJ)/�  z F9r F
P (s) =

[

Ac̄ 0

0 Ip

][

Aco(s) Bc(s)

Co(s) D

] [

Acō(s) 0

0 Im

]

=

[

Aoc̄ 0

0 Ip

][

Aoc(s) B̃c(s)

C̃o(s) D

][

Aō(s) 0

0 Im

]

(2.79)
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B = Ac̄(s)Bc(s) = Aoc̄(s)B̃c(s) (2.80)

C = Co(s)Acō(s) = C̃o(s)Aō(s) (2.81)

?	£ F
Pco =

[

Aco(s) Bc(s)

Co(s) D

]

(2.82)

Poc =

[

Aoc(s) B̃c(s)

C̃o(s) D

]

(2.83)

r���§ z F�b={�E(%	�A��§QJ)V J w 3
*�+ ���I�:k%��§ ��E.F�b

[ ��§ 2.12]
H�I �I�

(2.79) �)/� �o B 4 J w-F Pco �
C 3"¦ J*D�ª�R y�� B w�H�I �I�=r J3± b

[ ��§ 2.13] ; ! �I�^�R _I`�� ��U��8� R P (s) � C 39¦ J*D�ª�R y�� B w ^�R _I` �%; ! ���=r J3± b
[ ��§ 2.14]

^�R _I` �I�
P (s) ��N`�.�TJ ρ r z F�b Pco � ρ G�R�S ¥ �	�KJ DT (s) r"H F

Ds(s) = det Ac̄(s)DT (s)det Acō(s) (2.84)

r z F�bG{��r�® F λ k Ds(s) = 0 � m D�¦ONI}F9r�® F λ $*¯"K:°�D�ª�R m � ^�R _I` �I�=r J3± b ( {�E�$ F λ k
(2.79) �)/	  ��E:£ � ��U��8� R � P h���r y�C E	� 1 f�� C 3"¦ONI}:F�{"r-JA© � H w J F�b )

��
����I����3"m J���9h3H3N8G����9M B�� z b [10]

[ �9M ]
H�I �I����3"m^�R _9`

(A,B,C,D) � HTI �N� H`I �&$ HTI K�K G(s) = C(sI−A)−1B+D � R O R � � �WOQN-��K� 4 � /��`,�� ¥ �
/��`, � ¥ �$¦ B ��E�� E�D�ª�R y�� B w��� z F b�?�£ F HTI K�K �FT�© � L�MT/�  G(s) = NR(s)D−1

R (s) = D−1
L NL(s)B 4 > F�/�� � ��U��8� R DR

F
DL(s)

F
NR(s)

F
NL(s) � C 3"¦ B � E�� E	D�ª�R y�� B w���� z F�b:£ � H F�H�I �r $ ����� �"f � l���h%���:r)NI}:F�b

[ �9M ] ; ! �I����3"m� � ^�R _I` B O H w
x̂ = Tx, P û = u, ŷ = Qy (2.85)

?	£ 7�8VY����! #" �8� u = Fx
F%$ v��%n'&'(9u J R�hWP�£ ^�R _I` ( ) 2.4.2 *�+ )

Â = T (A+BF +GC +GEF )T−1

B̂ = T (B +GE)P

Ĉ = Q(C +EF )T−1

D̂ = QDP (2.86)

��, ! �I��$ � � ^�R _I` � y �:r�A�� B��� z F�b
[ �9M ]

^�R _I` �I����3"m
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yutu dx
B C

F

A

D

G

1
s

) 2.11:
798VY����! #" �8�Ir�u"v��%n'&�(�u

µ J H�I K%K G(s) ��NT�'��r z F b B � j1
F
...
F
jµ �"S�����J��GH w�� % ENF R�SWJ Bj r z F b9?�£ F C � i1

F
...
F

iµ � R J���H%£�R�SKJ Ci
F
D � i1

F
...
F
iµ R F j1 F ... F jµ SKJ���H w �&%QE.FQR�SKJ Dij r z F�b={ ± H w�� %QE.F^�R _�`�� ��U��8� R J

P ij =

[

A− sI Bj

Ci Dij

]

(2.87)

r9H F P ij �"R�S ¥ J dij(s) r z F�b3{��Br�® 1 ≤ i1 ≤ ... ≤ iµ ≤ p
F

1 ≤ j1 ≤ ... ≤ jµ ≤ m hFF� w � i
F
j
B f J w �

dij �Aµ"¶	��M�,�� ¥ ( � 1 f ) $ Ds(s) NI}:F b
[ �9M ] 
����:���4K	)�I���A¯"K:°���ª�R �� J � ��£�$"P F

H�I � ⊂ , ! �I� ⊂ ^�R _I` �I� (2.88)

r%h�F b
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2 ���A� 0 ����
[ � 0 2.1 ���� ] � F ��3 J���ª y � B w-F λ1

F
...
F
λn r z F�b y H F λi k ��¦QNI}�E�� F λi

B O:z F*«%¬�² ����� vi

JAª 6�798 r z F�G�� Z ± h% �k�=�> z F�b
φ(t, vi, 0) = eλitvi (2.89)

?	£ F λi k p ��¦ONI}:F $"P B $ F
φ(t, vi, 0) =

p−1
∑

k=0

(λi −A)ktkeλitvi (2.90)

£ � H vi ∈ Ker(λi −A)p bN{9{&N Ker(A) r $ x|Ax = 0 h�F��	P'��{"r3NI}BF�b
	 P w-F Re(λi) ≥ 0 N�}:F9r z F�r
||φ(t, vi, 0)|| ≥ c|| r�h|~ F��� �	��r�$�h�%Ah J b�	 P w�F ��3�� ¤¥ N8:9��k���NI}F�{�r $ G�g�_�aONB}:F�{�r%k
/ ��F b
G B F ��3�� ¤I¥ �2¦�� ± @ λ1

F
...
F
λl J�:	�k���N9h J�y �Ir9H F λl+1

F
...
F
λn J�:	�k���N�}BF1� E�� E s1

F
...F

sn ��¦ON"}:F9r z F�b={9{)N F ϕ+(s)
F
ϕ−(s) J1G�� Z ± B ��§ z F�b
ϕ+(s) =

l
∏

i=1

(s− λi)
si (2.91)

ϕ−(s) =

n
∏

i=l+1

(s− λi)
si (2.92)

687 F det(sI −A) = ϕ+(s)ϕ−(s) NI}:F�b ϕ+(s)
F
ϕ−(s) $�� %� B �����	�KJ � ?�h J �TN F

h1(s)ϕ
+(s) + h2(s)ϕ

−(s) = 1 (2.93)

r z F h1(s)
F
h2(s) k�=�> z F�b [2] {�E Z ~ F s J A

B � ��£�R�S���� ¥ J � F�b
h1(A)ϕ+(A)x + h2(A)ϕ−(A)x = x (2.94)

� � U ��� O�� � ���A� 0 Z ~ ϕ+(A)ϕ−(A) = 0 NI}:F��TN F y H
x ∈ Im Im h1(A)ϕ+(A) f�?=~ F x = h1(A)ϕ+(A)y (2.95)

r ?�� NI®	E��
ϕ−(A)x = ϕ−(A)h1(A)ϕ+(A)y = h1(A)ϕ+(A)ϕ−(A) = 0 (2.96)

r%h|~ F
Im h1(A)ϕ+(A) ⊂ Kerϕ−(A) (2.97)

r%h�F�b � � x0 ∈ Kerϕ−(A) r z F9r (2.94)
Z ~ c0 = h1(A)ϕ+(A)x0 r*h|~ F Ker ϕ−(A) ⊂ Im h1(A)ϕ+(A) r%hF b�	 P w�F Ker ϕ−(A) = Im h1(A)ϕ+(A) r%h3F�b	�(%� B Ker ϕ+(A) r Ker ϕ−(A) $	�����#/KJ*�3£9h J �'%

(2.94)
¥ Z ~

Rn = H+(A) ⊕H−(A) (2.98)

r�� �� b�£ � � F
H+(A) = Ker ϕ+(A)

H−(A) = Ker ϕ−(A)
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NI} � b y � F ��3"¦ON8:���k&� ��� y �	k9h  E�� Rn = H−(A) r%h � bGr�{"¢%k Ker(λi −A)si $ � E�� E������/KJ � ?�h � �'%
H−A = Ker(λl+1 −A)sl+1 ⊕ Ker(λl+2 −A)sl+2 ⊕ ... (2.99)

r��  w-F z q w � 5�6�7�8 $&� ¥ �A��/��:�����Ag�# B /�  ��E � �TN F ��� 798 B O:z �  �$ (2.90) �Ao ¥ �1+�o� PON ? ��E � {"r%k�/ � � b�	 P w-F z q w � 5�6�798 B K z �  �$ �� �	��r%h � b
[Q.E.D.]

[ � 0 2.2 ���� ]( G�g )φ() �3]���3 Z ~ F ¬;:�� t0
B O � w�F

||Φ(t0, 0)|| $A¬���r%h � b�� F ||Φ(t0, 0)|| = k r z � b
||Φ(t, 0)|| = ||Φ(t, t0)Φ(t0, 0)|| ≤ |||Φ(t, t0)||||Φ(t,0 , 0)|| = k||Φ(t, t0)|| (2.100)

r�{"¢*k F ��§ Z ~
||Φ(t, t0)|| := sup

||φ(x0, t0, 0, t)||
||x0||

(2.101)

NI} � �'%
||Φ(t, 0)|| ≤ k sup

||φ(x0, t0, 0, t)||
||x0||

(2.102)

^�R _�` k �� �	�ONI} � r ||φ(x0, t0, 0, t)|| → 0 NI} � �'% ||Φ(t, 0)|| → 0

( .�/ )||Φ(t, 0)|| → 0 NI} � r
	"� ��Z ± b
φ(x0, t0, 0, t) = Φ(t, t0)x0 = Φ(t, 0)Φ(0, t0)x0 (2.103)

{�E B Z ~
||φ(x0, t0, 0, t|| ≤ ||Φ(t, 0)||||Φ(0, t0)||||x0|| (2.104)

{�E B Z ~ F t0 k%¬��ONI} � h�% ||Φ(0, t0)||
y ¬��=r%h|~ F ||Φ(t, 0)|| → 0

Z ~ ||φ(x0, t0, 0, t)|| → 0 r%h � b
[Q.E.D.]

[ � 0 2.7 ���� ]

(1)( .�/�3 )

u(t) = −BT e−AT tW−1(0, t1)x0 (2.105)

r z � b={9{&N F x0 $
5�6�798 NI} � b.{��Au"v u(t)

B O:z � �1D t = t1 N � 798 $�G ¥ N	D.�&%QE � b
x(t1) = e−At1 − eAt1

∫ t1

0

e−AτBBT e−AT τdτW−1(0, t1) = 0 (2.106)

( .�/�3 ) � 0�� B Z�� b�A�� � ��� N"} � k F C � Z ± h t1
B O � w y

W (0, t1) k�K�L�N"h � r z � b3{"E Z ~)T�©
� t1 ≥ 0

B O � w E�F�N"h � n G � ²�� � � α k�=�> � w-F
αTW (0, t1)α =

∫ t1

0

αT e−AτB(αT e−AτB)T dτ = 0 (2.107)

r%h � b Z P w-F T�©�� t
B O � w-F

αT e−AτB = 0T , t ≥ 0 (2.108)

r�{"¢*k F ^�R _I` $ ����� NI} � �'% G ¥ J1	�£ z u"v u() k�=�> z � b
0 = eAtx0 +

∫ t

0

eA(t−τ)Bu(τ)dτ → −x0 =

∫ t

0

e−AτBu(τ)dτ (2.109)
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x0 $ T�©QNI} � �'% x0 = α r z � r

−||α||2 = αT

∫ t

0

eA(t−τ)Bu(τ)dτ = 0 (2.110)

r%h|~ F α 6= 0 � 	"� B T z � b
(2)( .�/�3 )rank V = n NI} � k F A�� ����� N�h � r � w ��� J�� � b (1)

Z ~ F W (0, t1) $�K�LQN"h�� F
αT e−AτB = 0T , t ≥ 0, α 6= 0

k�J ´ z � b�� ¥ J t N���/ � w b t = 0 r z � r
αTAkB = 0T , k = 0, 1, ..., n− 1 (2.111)

{�E Z ~ F
αT
[

B,AB, ..., An−1
]

= α V = 0 (2.112)

r%h|~ F α 6= 0
B ��� z � b Z P w-F rank V = n N�}	E��	A�� ����� NI} � b

( G9g�3 ) A�� ����� NB} � k F rank V < n NB} � r 	"� z � b.{ E Z ~ αTV = 0 J�	3£ z E�F-N"h � α k�=�> z� bGr	{"¢%k F e−At $ � � U � � � O�� � ���A� 0 Z ~ [I, A, ..., An−1 �1+�o ��� NI} � �TN F
αT e−AtB = 0, t ≥ 0, α 6= 0 (2.113)

	 P w�F
∫ t

0

αT e−AtB(αT e−AtB)T dτ = αTW (0, t1)α = 0 (2.114)

r%h9h � b (1)
Z ~ W (0, t1) $�K�LONI} � } � �'% α = 0 r*h|~ 	"� B T z � b

(3) G��G^�	 J)V � � b [11]

[ ^�	 ]

G�� 2 f��)_�a�$�
 � B ���WNI} � b
1. } � i B O � w-F G��)_�a J��� B 	�£ z E�F�N�h � ² � � �:k�=�> � h � b

v∗(λiI −A) = 0 (2.115)

v∗B = 0 (2.116)

2. B � � w ��S�²�� ��� B n�� z � ª�#	��/ �B��$ A∗
B O � w , ! r*h � ��/ �:��J � ?�h � b ( �#/ �B� V k A∗

, ! r $ F A∗V ⊂ V NI} � {"r-J � ± )

^�	�� 1 �)_`a�r (3) $ ���WNI} � �TN F ^�	'� 2 h'%�� (2) NI} � {"r�J � z b V J A∗ , ! h t G � �A��/��:��NI}� r z � b V k A∗ , ! NI} � �TN F C �9h v ∈ V
B O � w y F } � k, (1 ≤ k ≤ t) k�=�> � w v

F
A∗v
F
...
F
A∗(k−1)vk
+�o ³9´ N F A∗k k
+�o ³9´ N9h � y �	k�=�> z � b�f�?=~ F

a0v + a1A
∗v + ... + A∗kv = 0 (2.117)

� ? µ J�G ¥ �&,�� ¥ �A¦�NI} � r z � b
a0 + a1µ + ... + µk = 0 (2.118)
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G�� � ¤B¥ J � � � b
µb0 = a0

µb1 − b0 = a1

.

.

µbk−1 − bk−2 = ak−1

− bk−1 = 1 (2.119)

{�E Z ~ F µ k [ ?�E�� b0
F
...
F
bk−1 $

Z�[ � � B [ � ��E � b�� B b0 F ... F bk−1 k�D.�&%QE�E�� F (2.119) $ (2.118)k
	�£���E � £�B��)_�a�rAh � b (2.119)
¥ ��K	) J (2.117)

B ¯9u z � r
(µI −A∗)(b0 + ... + bk−1A

∗(k−1)v) = 0 (2.120)

r%h � b b0 + ... + bk−1A
∗(k−1)v $ 	"� Z ~ E�FA² � � ��N�$�h�� F V �Ag�#QNI}=~ A∗ �	«%¬I² � � ��N y } � b� ? v J�E�F&N"h � ² ��� ��N�} � r ��Z ± b3{��:r�® v∗B 6= 0 ?�£�$ v∗B = 0 N�} � b y � F v∗B = 0 N9}G~ ^ 	

� 2 k
	�£���E w � � r z � r F G���� w ��² � � �:k B � SI² � � � B n�� z � ��/��:� B =�> z � {"r $�h � b
v, A∗v, ..., A∗(k−1) (2.121)

h��Ih'% F A∗kv $ (2.121) ��² ��� � B 	�� B h|~ F (2.120) � Z ± B ? ��E A∗ , ! r%h � bN{�E&$3^�	 2 �)_�a B Tz � b�	 P w-F � 2 E���$ � N y
v∗
[

B,AB, ..., Ak−1
]

6= 0 (2.122)

r%h|~ F k = n r z E�� (2) k
	�£���E � b
( G9g�3 )(2)

Z ~ (2.122) J�	3£ z b y � B k�N���� n J*�'f"h�%�� % � B ^�	 � 2 J�	3£ z b y � � ± w h  E �
v∗B = 0 r%h � v∗ J�����b (2.122)

Z ~ F
v∗
[

AB, ..., Ak−1B
]

6= 0 (2.123)

r*h � b�	 P w&F A∗v
F
...
F
A∗(k−1) � ± @ P h �2r y � f�$�E�F&N9h � b�	 P w ��� Z ± h v $ A∗ , ! N�$�$ � b 	 Pw A�� ����� NI}	E��)^�	 2 J1	�£ z b�f�?=~ (3) NI} � b

[Q.E.D.]

[ � 0 2.8 ���� ]

t→ −t
F
A → AT

F
B → CT

F
C → BT

F
D → DT r	� � £ ^�R _I` J � � F ����� 3|r� \ B ��� z � {"r%k�NI®� b={�� Z ± h
���.�`J R:hWP�£ ^�R _I` J U O ^�R _I` r � ± b
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�
3 � � � � � �

�	��
���������������	�������! �"$#&%('�)*�,+�-/.(0�1325476�8(9�:��;�	<,=?>��	@(A�B�C	D�E/�F+�-*G�H�I�J4;6LKM9	:	�&��NO2QP*R&K$+	-/<S�
H∞

A�B*T(U;VWK$X��WGZY�[]\FV&87I^�_/K!U�`�A�B�a	bWG$cLdfehg	-&�;i&KM9�jkmlS@�K��	�?�7�	<(���L
��	��n�oLep'�)foFJ7q�8Sr*��st	u�v�w*�	�?�7���7i&KM9
ẋ = Ax + Bu

y = Cx + Du (3.1)���&�*xM4&678�y&zSGF�]{������?�7����|���<S}	#�%S~;�LG7y	�(J��	���L�/�MV]KM9ml�eMG��	�?�7�	TS���7�����7i&K8���G?<S�
A
�Z�*J7���S�	���(���/T��;��@���V���@L�,@*�S�	8�9mx�o��/�	�?�7��Tt	�����;i&K	lqS�m��&y&z$@������	�?�;��.,A�B�����G;y	�(J����	���&q&K(�7i��&z$��9���A�B	����l�{��(��4;678�y/z(GF���� L�(¡�¢�£;¤/.?¥�¦£7¤LGS§WK�����TS¨	©&§WKSs��L�����7�	<���A�B/�;i&��8S9mx�o��*�����7��T�t	���Wi&�(J*x(J*x$��£7¤&T�¥/¦M£7¤LG@�V;��ª�V�X?«*�,�	�*.�¥�¦	lF§�V&�F£7¤&<�ª��$£7¤*GZa�b��;G?<S¬*
�K�{	l�G�@2®�?�	�;�7q;K�{	l?G@/K�9Wo,�*o!�{��&y&zZ@S���*<�s	¯7�?°7@	±�²��7im2³��0?´]GF��U&§�K?��<	µ�¶&�7i�KM9L
�8��	·	¸�TS¨	©&§]K!¹�º]G?<S��¥�¦M£7¤�F�	»]G��	�?�;��.&l���&K�{�l�<��7q�@&IF9]{	{���<&{?�&y&zF@�¼7½&¾? S¿/½;¾$A	B/��<	@ÀeÁ��U	©��	�	�?�;���,Â.,Ã�(J��	�?�7��.S���	��§�K�Ä7ÅS½OÆhÇLÈÉ$A�B]G?H7IJSÊ]Ë�KM9

3.1 ÌÎÍ ÏÑÐÓÒ Ô;Õ ÖØ×ÚÙÜÛÞÝÜßÓàâáÓãÎäæåèçêéI�
Za	ë���@(£7¤/.FÊ]Ë$�/�	�?�7���F£7¤;TS��J�ì�í	��î
( ï�ð �7q7K )

l!ñ	�;§�KM9]{���s���A�B����*.
u = Fx (3.2)lF§�Kò£7¤�Ä7ÅS½OÆhÇLÈÉ�G7y	�(J�ó	ô;§�K�9]{��,����G$jfo,J

(3.1)
<Sr*�;y&z(GFõ*q,öm\FVLKM9

ẋ = (A + BF )x (3.3)÷ �(J��/�	�?�7��TS���7�����7i7K�8���G?<
A+BF

�,��J7���S�����F���/T�;�7i�V&��y?I�{�lST�^��/KM9L
�8S����	��X�P�G?�	�?�7�����S��ø��/.FA�B&§�K�8���G?<S�
A+BF

���S����.(ùL
&o�I�x�&lF§�K	y&zFG
F
.(ú��7§�V&��yI�{�l?G�@*KM9�ª�V7�7<S�m��&y&zZ@����L�û;�/{?�&y&z$@/{�lST��	î��7i&��z$��9]{���ü�ý��Fj&§WK�'*<SrL�,�	a��þWË&��VWKM9

[1][2]

[
�	a

3.1]

Λ = {λ1, ..., λn}
.
n ÿ �Fj��L@����	²L����º�lF§WKM9/H7
]2 � λi

T�����²&�&iV&��{FVLG	��
L@/x���T���@L��
ΛG��W
SV7J;I7K	lF§�KM9]{��&lq(�

A+BF
���S����.

Λ
G,0��/�7q&K�8��	�����/��H����	���*<	�	�?�7��T�������AB/�7i;K�{�l(�7i&KM9{��&y&z(G,��st	u�v�wL�	�?�7����<�ª�����A�B���l�}����	��î��fl��¯;G�< ��� G�� �"!�I?±�#/T�i�KM9L
����$���.�%�§(9mx�o��

(A,B)
T���A�B/��@���V&��i&K'&)(/É+* ¿

v
l
A
���S���

λ
T(¨	©fo,J

v∗(λI −A) = 0

v∗B = 0 (3.4)



54 � 3
� A�B�C�D	E

.��/8§(9��� *�
F
G$j�o,J

v∗(λI −A) + v∗BF = v∗(λ−A−BF ) = 0 (3.5)lS@�2 �
λ
<
A+ BF

���S���flS@�2���¿/½;¾$CWG7x	{��,}/T(¨�©fo����&�?§L{7lST��7q�@&I�{�lST�^��/KM9	r�G	�����.������ZCL�F¹�ºWG?H7ISJ�%7§S9/�	�?�7�?T0�����0	�(��C���r*���	�?�7�Sg�
����öm\FVWK	lF§�KM9
ẋ = Ax + bu (3.6)

y = cTx (3.7)��A�B���&
V
.(r��7�����mo��

V =
[

b, Ab, ..., An−1b
]

(3.8)

lT
.
V −1

����û��L��� (&É+* ¿;�7i&K	lF§�K�9/H�
]2 �
V =







.

.

lT






(3.9)

{FVWy/2 �
TA =













lTA

.

.

lTAn













=













0 1 0 ... 0

0 0 1 ...

. . . ... .

−a0 −a1 ... −an−1

























lT

.

.

lTAn−1













:= Ā













lT

.

.

lTAn−1













(3.10)

@ � @*�!����½m�M½������®¿ *Q 	�,�	ay*2
lTAn = −a0l

T + −a1l
TA + ...+ −an−1l

TAn−1 (3.11){	{S���
Ā
����û��*<

A
�,����� �����	#�²*.S�LG;oS8�x��?�7i&K�{�l?G�!	 �§�KM9L
�8S�

V −1V =







.

.

lT







[

b, Ab, ..., An−1b
]

=







∗ ∗
... ...

0 ... 0 1






(3.12)

÷ �(J��
T−1b =













lT b

.

.

lTAn−1b













=













0

.

.

1













: b̄ (3.13)

÷ �(J��
x = T x̄

lF§�K#"�$�u�%L.FÊ]Ë7K	lM�'&����	�?�7�	<
x̄
.(íLIJ

T ˙̄x = AT x̄ + bu

˙̄x = T−1AT x̄ + T−1bu

= Āx̄ + b̄u (3.14){������?�7�(ö�U�.
(3.7)

�(��A�B�(�)�ClI*z59�I�
7{����	��7�7G$jfo,J
u = f̄ x̄

.FÊ]Ë7K�lM�
˙̄x = (Ā+ b̄f̄)x̄ (3.15)
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55lS@/K�9]{����	�?�7���,�?��g�
�&<
det(sI − Ā− b̄f̄) = det(T−1T (sI − Ā− b̄f̄)T−1T )

= det(T−1)det(sI −A− bf)det(T )
8��/o

f := f̄T−1

÷ �ZJ��
(Ā, b̄)

.,í*ISJ
Ā+ b̄f̄

���(���L.Zù*
;oI�l?{	��G���;��q�8�@/�ò�
f = f̄T−1

. &L�?�������GMj;§*K�Ä�ÅF½ÆhÇLÈÉ����7 &l�o,Jí�IFV&����I�{�lST�^	�/KM9ml�{��ST��
(Ā, b̄)

y�2³�	ùL
&o�I ��¿�½�¾$CL�,����� ����.,�
ψ(s) = sn + bn−1s

n−1 + ...+ b0 (3.16)lF§�K�l
,f̄
<	��
�G���/�MV7J

f̄ = [−b0 + a0, ...,−bn−1 + an−1] (3.17)l(@&K�9/{�{(��<�%W\S@7IT(�����	��A�B���iSV;� �?�	�,��C�GMjoFJ/x���LGFu %*.���§*{	l�G�y�2³��ó�ô;�;G	Ä�ÅF½ÆhÇLÈÉ����7 
F
.����7K�{�lST��7q&KM9

[3]P&��4;678Sg	-/<,���	a��&G�<
A

�8	<�ª�VWl	�	�L��(����L.,E��o(@���V;��@L���(�

A
�Fr	²�T��*q�I$¹	ºWG?<SE

�����*T��Lq�e @�2®�	í&�	��@;IF9]{FV*GFjfo,J� ��¿�½;¾$C��,}lS��� (/É+*Á¿/.,þWË?J�}��$�L.(��U&§WKMg	-�T7iKM9
[2]
�	�?�7��T���A�B/�7i&KSs��	v�w��	[�@

{f1, ..., fn}
�

fi = (λiI −A)−1Bgi, gi ∈ Rm (3.18).����;§�K	x��T(¨	©&§�K!9]{��&lq7Ä7ÅS½ ÆhÇLÈÉ����7 
F
.

F = [g1, ..., gn] [f1, ..., fn]
−1

(3.19)lF§�K�l
(λi −A−BF )fi = (λiI −A)fi − BFfi

= Bgi − Bgi = 0 (3.20)lS@2 �
λi

�
fi

T
A+BF

���,��� � �S�)(/É+* ¿LG@��(J&I�K�{�l(T�^��&KM9]x	o����	�]\FV78(}/T
A
���,���L.	�
��(�mo(�/x! #"%$�@/�(J;I(V&�(=�>/��@�&S¿('L�*)	�	<Sr*�&y;z(G�@/KM9

1. +-, G gi ∈ Rm
.�.&%

fi = (λiI −A)−1Bgi

lF§�KM9
2. F = [g1, ..., gn][f1, ..., fn]−1

.��&�&KM9mx�o��
1.
�
λi

T��	²&�	@���V&�
fi =

{

(σiI −A)2 + µ2
i I
}−1 {(σiI −A)Bgi + µiBgi}

fj =
{

(σiI −A)2 + µ2
i I
}−1 {(σiI −A)Bgi − µiBgi} (3.21)

(3.22)lF§�V;�S�	²*�(E��/���?��§�0�9/8��/o��
λi = σi + jµi

�7i&KM9
[ 1 ]

A =

[

0 1

1 1

]

, b =

[

0

1

]
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{������?�7���,}L.F£7¤�Ä�ÅS½OÆhÇLÈÉ	G7y��(J
λ = −1, −2

G(§�K�{�l.FÊ]Ë7K�9
(g1, g2) = (1, 1)

l�oFJ�
f1 = (−I −A)−1b =

[

−1 −1

−1 −2

][

0

1

]

=

[

1

−1

]

f2 = (−2I −A)−1b =

[

−2 −1

−1 −3

][

0

1

]

=
1

5

[

1

−2

]

y	�(J��
f = 5 [1, 1]

[

5 1

−5 −2

]−1

= − [3, 4]{���&¿('L�*)	�7G?<Sr��&y&z$@Sì��&T�i;KM9
1. fi

�(0�r��	[��*T����m\ZV7J&I7KM9
2. F

<�� ��&*�(E��/���	�ú��m\FVWKM9
3.
��¿�½;¾$CL���S�)(/É+* ¿/.��
	����;§�K�{�lST��7q&K�9

4.
��� �(��C&��<���0/�F}��$�*.,��U&§�K	���7 

F
<���²�G$¨	©;§�KST��&ª��(ú���G

{gi}
l?I*z�����½��.?°�@w����	���7q&KM9

5. A
�,r	²�T��*q�e J*xM��²��/�&G,���/@S'/T��/
;KM9

P��;����b/<?���������$£�¤;T���	 ï�ð \$V�Kò¹�º�G<�� � GM���7��i;K,T(�0?´LG�<Z£�¤;< ï	ð g 
��;.,1moZJ/o,�� �òV7@7IZ9�{��7y;zM@&lSq�G �]x��Àepí*I;��VLK!g�-�<(r��;��476*K £�¤ ï�ð�� .��	í]o,8��������.Fó�ô7§LK?{�l,�i;K!9*{��,g�-LG�y�K�l���Ä�Å(½ ÆpÇ/È(É����� ;l ï�ð
� <	��[LGZD�E�§�K?{	l(T���q7K�9/{ZV�lS<��*GZ�£	¤LÄ�ÅF½ ÆÇLÈÉ�l ï�ð�� .�� "SGZó	ô� ��S� 1
H��S�;��!�" � G7y*25}��$�*.(��U&§�K�g	-mxi&KM9]{�{S��<(n�oLeh476�@;I�T��r*�;{	lST�#À�MV7J&I7KM9

[
�	a

3.2]��(����TZ��A�B � � ï�ð ��i�KZsZ� r² q
T%$ "

min(µo−1, µc−1)
��i	Kò����!&" � G	yF�òJ �,¿7½�¾ C&� n+q

��};.�? 7�	x(�?G'�"��§�K�{?lZT���q�K 9$8���o �
µo

<Z� ï?ð �?²�� µc

<$��A�B �?²���iL2 �
µc

<
rank

[

B,AB, ..., Aµ−1B
]

=

n
l(@/K ��'��

µ
�7i&KM9/
�8S�

µo

< [
CT , ATCT , ..., (AT )µ−1CT

]

= n
lS@/K ��'��

µ
��i&KM9L


3.2 ÌÎÍ (*),+���&��<S��£7¤�Ä7ÅS½OÆhÇ�ÈÉ�G;y*25}�.��$�&§�KSüSý�.,N 2.-��8S9o(�Lo��	�0/�G�<,£7¤L.��
	 ï�ð §�K	{�l�<�7q�@;I?�?������*����b*<�ª���
	
 + í�§�K(^7��G?<7I��	@;IF9mx�o��
1f�,���,w����	�?�7���F£7¤/��2	��� x̂
TS�+&�7q�V&�S�

u = Fx
�,`�^f2ZG

u = F x̂
lF§�K��<��x�354&�7i&�&zh9	�0/��/�	�?�7���(¡�¢	�

x0

l��	�?�7���
�
��½0�

(A,B,C,D)
T��&�&�,J&ISJ�����&T�6�#��7i;K�����7�	�?���&l��Oe �87�9�:L.,ó�ômo�¡�¢�£7¤�.

x0

G&;/È *o,J��	�?�;��l��<7����*.,�;V7J�=�V&���	�?�7���F£7¤]lM� e �<7	x��T � �MVWKM9�l?{7�ST��0//G?<	�	���7���(¡	¢£7¤/.,��+;§�K�{�l<��7q�@&I��?��{��;{�l.S��U&§�K	{�l�<��;q�@;IF9�o(�*o��]{��?���?¿LG$jÀo,J +-, GF�0/;��(�ml(����¿/���S�*��>��W.7Ä7ÅS½OÆhÇLÈÉ;oSJ�=�V&�����?¿/�,£7¤&T����?�7����ª�V*GF��� eZ{�lSTS¢�?m\FVWK$9]{Vm�S�?±�#L.(²���.&x?IJ(ö�U&§�KM9
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3.2.1 ���������
	����	���7����&
(A,B,C,D)

TS��+	��î��7i;K	l�o�y&zh9]{��&l�q(��£7¤
2	� � .(��r*�&y&z(GZó	ô;§�K�9
˙̂x = Ax̂ + Bu + K(ŷ − y) (3.23)

ŷ = Cx̂ + Du (3.24)

ξ := x̂− x
l����mo,J��

(3.23)
�L�

(3.1)
.�� eZlM�

ξ̇ = (A+KC)ξ (3.25)lS@/K�9 ÷ �(J�
A+KC

���S����.S���WG�7q(V&�
ξ → 0

�7i&K�{�lST����/K!9]{	{S�����*�,}��$�&ü(ý�.���I��{
 ��S�

A +KC
�(}�.,�7 �G������;q�K�87���S�	�*<

(AT , CT )
T�	A	BWH7
]2

(C,A)
T� ï7ð �7i/K	{�l�T����LK$9÷ �(J�� �Sr�&�¼����;½�Ç�<��	�?�;��T�� ï;ð �7i�V��(ó	ô/�7q&K�{�lST����*KM9o(�*o$�	�0/�G�¼����;½�Ç7.,ó	ô;§K�{	l.$Ê]Ë�K	l���¼����;½�Ç��,r	²�<�'m\�I$g�T���
;oI$¹	º/T �LIZ9�r��;��<���r &��¼����;½�Ç �(ó	ô*.FÊWË7K�98��/o��W¦Ç�� * ��� ï �&�L�"!K	l��7r�&�¼����;½�Ç��Sg�T�#;V;J&I7K!¹�º/T�i&KZ9��WGF��$%$ &�² '%(��;���	�?����St�Y����*T��Lq�I$¹�ºWG?<�#;V7J�I7KM9L
�8�� �(��)� )�T��Lq�@�*,+L.�-��,J&I;K!¹�ºWG�<S� ÿ "G�Ä7ÅM¿ ��.D	E7§LK�?��<�@Àe �;¼����;½�Ç�.7Ä7ÅM¿ ���S0��l�o,JD	Eo(8Sg�T���IF9

3.2.2 .0/1�2�����3	��4
�Sr�&�¼����;½�Ç�¼����;½�Ç	��<S����J&�F£7¤/.����?¿LG;y*265 2 ��o,J�I?8S9ml�{��T��/�	�?�;�����(�*<,£7¤/�v�w 7�ºl	oFJ � �!V�J;I7K�����

x
�(0����/<

y
y/2 �
	�ó�ô�§�K�{	lST���8mKM9�=�>&�&G�<(�

x
�,v?w�±�²

Ux
.%2�;§�K

z
T(¨�©fo��

[

z(t)

y(t)

]

→
[

U

C

]

x(t) (3.26)�7i�V;�S�
x
��2����

x̂
<

x̂ =

[

U

C

]−1 [

z(t)

y(t)

]

=
[

Ĉ, D̂
]

[

z(t)

y(t)

]

(3.27)G7y*25ó	ô/�7q&K�{�lST����*KM9/�Sr�&�¼3���;½�Ç*l��	�WG,�;¼����;½	Ç��,���L.��	�?�&�����(�l����ml,§�K��	�����.FÊWË7KM9
ż = Âz + B̂y + Ĵu (3.28)

(3.1)
��9�uLG�:*�L�

U
.�;L�?J��ª�V7�L�

(3.28)
.�� eFlM�

ξ̇ = Âξ + (UB − Ĵ)u + (UA− ÂU − B̂C)x (3.29)lS@/K�9/8��/o��
ξ := Ux− z

�7i;KM9 ÷ �(J�
ξ → 0

lS@/K�8���G?<
•
i&K

U
T(¨	©�o

UA − ÂU − B̂C = 0 (3.30)

UB − Ĵ = 0 (3.31)

• Â
T(���7���
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�7i&K�{�l�T����/K$9]{��&y&zZ@
x
.�2	�;§WK

n− p
r�&���¼����;½�Ç�.���'�r�&/¼����;½�Ç/l?I*zh9]{FV]y*2Qr*�(�a/TSô 2Q[/HS9

[
��a

3.3]
�������	���,�]l!�	�*.Z�	�]lZ§LK(�������

(3.28)
T��?��� ï�ð @��������	� ��'�r &&¼ ���7½�Ç���i7K�8	����$����H����	���*<	H � �

2
H��(���/TSôO2Q[/H&{�lF�7i&KM9

1.
r*�(���L.���8�§

U
T(¨	©&§�KM9

UA − ÂU = BĈ (3.32)

UB − Ĵ = 0 (3.33)

Ĵ = UB (3.34)

2. Â
T(���7���

{��;y&z$@ ��'�r�&�¼����;½�Ç��,`	ö���@SD	E	g	-�T
Gopinath

G7y	�FJ�þWË&�MV7J&I7K�9
[3] (
}��$��G�y	KMg	-

)

(Step 1)

T−1 =

[

C#

C

]

(3.35)T (���G�@/K	y&z(G
C#
.(ú/�&KM9]{FV&<

C
.,��$�����';§�V&�	��
�G	�&�&K�{�lST��7q&KM9

(Step 2)

(A,B,C)
�L� ���*@��	�?�7�

(Ā, B̄, C̄)
.��&�&KM9

Ā = T−1AT =

[

Ā11 Ā12

Ā21 Ā22

]

(3.36)

B̄ = T−1B =

[

B̄1

B̄2

]

(3.37)

C̄ = CT = [0, Ip] (3.38)

(Step 3)

Ā11 − LĀ21

���S���*T���mlS@/K	y&z(G
L
.����(�

Ū = [In−p, −L] (3.39)lF§�K�9
(Step 4)�	a*�(���y*2 �

ˆ̄A = Ā11 − LĀ21 (3.40)

ˆ̄B = ˆ̄A + Ā12 − LĀ22 (3.41)

ˆ̄C =

[

In−p

0

]

(3.42)

ˆ̄D =

[

L

Ip

]

(3.43)

ˆ̄J = B̄1 − LB̄2 (3.44)
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(Step 5)

x̂ = T ˆ̄x
�7i&K�?��

Â = ˆ̄A, B̂ = ˆ̄B, Ĉ = T ˆ̄C, D̂ = T ˆ̄D, Ĵ = ˆ̄J (3.45)P��&� ï�ð�� <,Y/��G��	�������Z£�¤/.�2��7§�K�{�l�<?��q&K(TS�L{���/����¡LGF476�8�y;zFGF� u = F x̂
l	oZJ��&Il?I*z ���*<�
�� � �MV7J7I�@;IF9o(�*o��W{FV&<Sr��&�4;6LK�y&z(G������&G	%]\ZVWKM9

3.2.3 �������
	�������������1���������� ��!�"£7¤LÄ�Å(½ ÆpÇ*ÈÉ	G7y,J��	�oS8(}��$�*.,��U&§LK�Ä�Å(½ ÆpÇ/ÈÉ����� 	.
F
lF§�K�9W{��&l�q(�����7��ó	ôoS8¼����;½	Ç�.Sí�IJ���*.

u = F x̂
lF§�K�{�l.FÊmË7K$9]{FVWyL2³�/�	�?�;��l,¼����;½	Ç�.��	º�o8���¿/½;¾ZC*<Sr�$#���C���ö�U\FVWKM9

ẋ = Ax + Bu (3.46)

ż = B̂y + Âz + B̂u (3.47)H�
]2Á�
d

dt

[

x

z

]

=

[

A B

B̂C Â

]

+

[

B

Ĵ

]

u (3.48){	{S���
u = F x̂ = F (Ĉz + D̂Cx)

.,`	�7§�K	lM�
d

dt

[

x

z

]

=

[

A+BFD̂C BFĈ

B̂C + ĴFDC Â+ ĴF Ĉ

][

x

z

]

:= Ã

[

x

z

]

(3.49)

{�� �¿�½;¾$CL�,}*< " $	u�%WG7y	�(J�u��o(@;I��?��
Ã
.���7u�%�§�KM9�u�%���&*.(r/�&y&z(GS§�KM9

T =

[

In 0

U In−p

]

, T−1 =

[

In 0

−U in−p

]

(3.50)

{FVWy/2 �
ÃT =

[

A+BFD̂C +BFĈU BFĈ

D̂C + ĴF D̂C + ÂU + ĴF ĈU Â+ ĴF Ĉ

]

(3.51){	{S���
(Â, B̂, Ĵ , Ĉ, D̂)

��±�#L.(í�I7K�lM�
=

[

A+BF BFĈ

UA+ ĴF Â+ ĴF Ĉ

]

(3.52)

% GF� :*�L�
t−1
.�5�í7§�K	l��

T−1ÃT =

[

A+BF BFĈ

0 Â

]

(3.53)÷ �(J�����¿�½;¾$CL�,���	g�
�&<S�
det(T−1ÃT ) = det(sI −A−BF )det(sI − Â) (3.54)l�@�2 ��?¿/½;¾FCL�,}L<	����o�8(}l(¼�� �;½	Ç��,}�l����º�lS@�2³���/J7�,}L<������;i&KS�W���?¿�½&¾$C*<���lS@/K�9
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3.3 ��� ������� Ò
	
3.1
�&��<,£�¤LÄ�Å(½OÆpÇ/È�É	G�y�K����?�����(������G?H�IJS4;6�8S9�
�8,�&�	���7�	�Z}L.��	�oS8&l�{	�G����§�KM+	-WG?H7I�J�'��foS8S970�´WGZ}��(����.���� :�����L�����y*2Sx���I;l�{���GS§�K	{�l?G&y*2 ���� *�S¡�¢�£¤]y*2�� e ¥�¦M£;¤LG7x	�(J&ImeF{�lST���8�KM9m{��y&z(G��	�?�7���F£7¤/.�¥�¦M£7¤WGS§�KMA�B�CL.���������½���lI*zp9
(
{	{S�� !	 o,@���V&�*�F@;I���<S��0�´WG��	�?�7�	<���v�w���im2 ��NO2.-�^?V7J;I7KMv�w;���?¿�<�i;K�� ���9]2��?����¿7�7iW2³��¥&¦M£�¤;<&{�!�"���*G�j�#;§LK�{�l,��i&K�9

)
o,�/o��%$"#���.,P/R&K�lM0?´WG$�	�/<�/qe@�2 ��A�B����*�!&�'L.FÊ)(;§�K�l�}L���$�]\,VWK+* (*<�A�,�\,VWKM9�o(�*o����&y&zSGZ}L.��$�7§	V&�S��$ #	��.Y��fo!���L.!-WË;K�{�lST���8�KS�;.,�x��,JúL�&K�{�l<	µS¶&�;i&KM9	��G,�/�	�?�7��T ��� �S��Cl�@/K	lM� 3/.0*T��*q21 � J � � GF¶o�I,9�ª�{S�� $ #���l����L�	�*q;\?.�s	¯�* (��/3 ��§�K +-, @%3 �*±²*.FÊ]Ë;K�{�l?G;y2 ��A�B�CL.SD	E&§�K	{�l�<8354/@54	ë��7i/�&zh9	:��&��<��&s�¯�* (*�7�!6�a���GF  �;�	i�K73��*±²*.�� + G�§�K{�l?G�y*22��������½���.FD	E7§�KMg	-�G?H�IJ4;6LKM9

3.3.1 2 �98;:9<>=@?BA�� ����.9CED�FHGID3�KJ�	���7�
(A,B,C,D)

.ZÊ]Ë7KM9]{����	���7�7G$jfo,J�	r*�
2
r�w�� 3 �*±�²*.FÊ]Ë7KM9

J(x0, u, T ) =

∫ T

0

xT (t)Qx(t) + uT (t)Ru(t)dt (3.55)8��/o!�
Q
�
R
<,j��/�

Q ≥ 0, R > 0, T ∈ (0,∞]�7i&KM9W{���3 �*±�²*�(  �7<S�&¥�¦M£7¤7�L�S�F£7¤
x
lSª�V�.�¥�¦�GS§�K����

u
G�ª�V�L%M +-,�N5O �5PRQ�SUT�VUWX�X

2 Y �US�Z�[ \U]_^��)`ba c�de]�fhgji $ #�kKd+l�m X �hn�oeS +-, ]2-bpeV�q�r�l�mUs/t�uwv�nwa�v)xUywz%d|{peVUW X v)xwa�}~W�T+i��"�e�)� X�� mhS�3 ��T�V)� X v)x5Mw��i
Q = CTC (3.56)

d2` M��Ufe�2}�c�c!v�{�p)a����R�
(3.55)

X 3e�h�5�hS!�e����`�a+l�m
u
S!�h��Qwa c�d�v)xwa|}~We�)y5��ibc X fwz]2� �~o!MwV�l�m�]7�KT!���%i�3e�h�%�����h, N W X ] N a X v%i ��^����5��� �U� ]_�� �T N Q/Mw� N�¡7¢ i�£w¤ N¥ ¦ X�§ ]e���e�)� X2¨)© s �U� ] N a c�d���ª�«~o2Mbfwz¬}�c X ����]7�w`�a+h��® X ��¯Uv5°bp ¡ M�a�}

[
��¯

3.4][5]��±�²�³
P (t)

s�® X ²�³;´_µU¶_·5¸���¹"º�»
:

−Ṗ = P (t)A + ATP (t) − P (t)BTR−1P (t) + Q, P (T ) = 0 (3.57)

X ¼d_`�a�}�c X Z X�½ �U�5� X � ��¾R��i
J(x0, u

∗, T ) = xT
0 P (0)x0 (3.58)

v5°bp ¡ M"i ��£ l�m u∗
��i

u∗(t) = F (t)x(t), F (t) = −R−1BTP (t) (3.59)v5°bp ¡ Mba�}c X�½ �h�%�hS!��£b]�`�a+l�mhS!��£~¿�À�Á�¿/ÂwÃ�de���2i�ÄU��Åb]2ÆwÇRa�fwz�] ½ �h�/�hS!� ����`�a7È�É�]e����)��Êw\w] O Ë�N k�ÌRS!Í�Î��w�)a�}
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c X b]����!`�a�d�i ��£ N h� ¨)©RX���� Â��
	�¶�� ]�f�Î��5°bp ¡ Mba�d"�hz����]���T"������s)xwa�} T s��� X Z��!i>´_µw¶7·%¸��"¹"º)» X Y fhg�����]_� £������ F (t)
� Z [ X �5��d N a+}�c2M)v���i"Ä! w]�c X l�mUS�£#"T fwz%d2`�a�d

K(t)
S%$'&U`�a)( Ë s�x~g ihx+*�g�Ä�"U\�v N �2}�c X V+,�i T S ∞

d�T fwz¬}�c X d%n�i�® X c�ds.- ¡ M)�w�)a�}
[
��¯

3.5]

(A,B)
s0/ q r�v)x�Mw��i ²�³>´_µU¶_·%¸�� ¹"º�»

(3.57)
��i

T → ∞
v5��1��"²�³

P ≥ 0
]7�� ~T+i�® X ´7µU¶_·¹"º�»wS.2�V/`�}

PA + ATP − PBR−1BTP + Q = 0 (3.60)c X d5n�i ½ �h�5�hS!� ��]�`�a+l�m��
u∗(t) = Fx(t), F = −R−1BTP (3.61)v5°bp ¡ M"i43 X � ��¾R�!i

J(x0, u
∗,∞) = xT

0 Px0 (3.62)d N a+}c X b])f�a+l�m���i�5#1�� X2¨)©6��� Â7�
	R¶���] N Î���8Bgji�9;:UÂ!<�=h��®�»)v5°bp ¡ Mba�}
ẋ = (A−BR−1BTP )x (3.63)c c!v0��>�` Ç)n)c�d��!i%�e¯ X ¥"¦4?�Q/v���c X � �/���"s0@e�wv�x�a d�� � ¡2N ��c"d!v�x�a+}hW/��y���i Q > 0 Na�¥ ¦RS�PRQ�A~p�Mw�����e�w� s%B�C�@"�Bd N a�c�d5�'D ¡FE vwxwywz } ½ �h�5��s�� � X ¾�S!Í~� E �����e��� s�@����o2M N � X ��i!3 X%G @"��H�Â7�¬s Q

S.I~T!�%J��R]�K�L N ��M�NUv�xwa+};O~Î!�%i Q ≥ 0
�
Q = HTH

dPK#QUvn�a X v5i
(C,A)

s./�R � v�x%Lw�'9�:�Â�<)=h�%@e��v�xwa"c�d�s�� E a!v�x�y)z�}�� �/�)� X /�@e�"kTSU/'R � k¼d�´µU¶_·%¹"º�» X  X [�]e�!® X fwz N �%1�s�xwa c�d�s.- ¡ L)���)a�}
[
��¯

3.6]

(A,B)
s%/�@e��v5i

(C,A)
s./'R � v�x%L)�

(3.60)
��V�� X +W%� 

P
S2ÍR�7i�c�L�fwg
X�Ybo�LRaF9%:wÂ�<P=

(3.63)�0@"�wv)xwa�}�V�?�T+i
Q = CTC

v)x�a�}

3.3.2 Z\[^]�_a`6bdcfehg�i�jlk
m+nwv%i��+� N ��£�¿�À�Á�¿/ÂUÃ5s o ���

)
´_µU¶_·/¹"ºw» X bS."��/�0p ¡ Lba c�d%S.qBT�V�}�r�nwv%i� P

X�s
t�\ N�u ,�¹hS.q)`�} [6]

A
i
Q
i
R
S
n× n

Ä ²�³wv5i
Q
d
R
�!��±Bd2`�a�}�c X d%n

H =

[

A R

Q −AT

]

(3.64)

v5�+vbo�Lba
2n× 2n

X ²�³hS�wyxz:|{��2²�³~de�hz }�c X H
]���T!����i

λ
s

H X�} � ¾�v�x0Lw� λ∗
W } �"¾�v)xa�}�Ä� /i

Hv = λv, v =
[

vT
1 , v

T
2

]T
(3.65)v)xwa d2`�a�d�i

Av1 +Rv2 = λv1 → −vT
2 R − vT

1 A
T = −λvT

1 (3.66)

Qv1 −AT v2 = λv2 → −vT
2 A+ vT

1 Q = −λ(−vT
2 ) (3.67)
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c�Lbf�gji

[

vT
1 , −vT

2

]

[

−AT Q

R A

]

= −λ
[

vT
1 , −vT

2

]

(3.68)

d N g i −λ
W

H X�} � ¾�v�xwa c�d�s5� E a�}���i�® X ¥ ¦RS����)`�a�}
[
¥ ¦

1]H
s��	��
�] } � ¾�S!ÍhV N �2}c�L�fhg i

H
�
Re λ < 0 N a } �"¾�S n � Íh�)c�d/] N a+}�c X @/� N } � ¾b]7�w`Ra } �� � { :US (

����� } �
 � { :�S��6,e�

)z1
i
...
i
zn

d2`�a�}�c�Lbfhgji
HZ = ZJ (3.69)V�?�T|i

J
�
λ1

i
...
i
λn

S } � ¾Bd2`�a����z:��;����� Y }�c c�v%i ²�³ Z
S�® X fwz�]2� �`Ra�}

Z =

[

X

Y

]

(3.70)

W�T+i
[
¥ ¦

2]X
s��	�Uv)xwa�}v)x%Lw��i

P = Y X−1
d2`Ra�}�c�Lbfhgji

H
[

X

Y

]

=

[

X

Y

]

J (3.71)

d N a+}�c�LUS P
S."������hn��bp)a�i

H
[

I

P

]

=

[

I

P

]

XJX−1 (3.72)

d N g i�� ER¡ [P, −I ]
S���"�o� ba�d|i

[P, −I ]H
[

I

P

]

= PA + ATP + PRP − Q = 0 (3.73)

d N g i P ��® X ���9´7µU¶_·/¹"º�» X ¼d N Î��w�)a c�d�s�� E a�}
PA + ATP + PRP − Q = 0 (3.74)o ¡ ]_i (3.72)

X 
"!��~fhgji
(A + RP )X = XJ (3.75)v)x�a ER¡ i A+RP

X�} � ¾R��#U�;@e�Uv)x)a c�d�s5� E a�}�c�c�v%i;m+n X ��£b¿�ÀUÁ�¿/ÂwÃ X M+N~d%$�&�`�a d�i
R → −BR−1BT , Q → −Q (3.76)d_`'L��2�	'�`ha

P
s u *)a"c�d!s�� E a+}%È�
 X�( Êwv���i%¥"¦ 1

d+¥e¦
2
s%2UV�o�L�����a"c�d�S)���¼T2�)�/V"s�i

R = −BBT , Q = −CTC
v�x�a d5n/��3�L ¡ X ¥"¦w� � �/��� X k Ì�d�T2��® X W X ]%*"�wv�x)a"c d�s�- ¡ L��)��a+}

[
¥ ¦

1’]���/�)� s��	��
�])+RS_Íh�	, ¡ ��i43 X +b]/�hT!� rank[λI −A, B] = n E � rank[λI −AT , CT ] = n
v)xwa+}

[
¥ ¦

2’]¥ ¦
1’
S.2�V�T i����e�)� s0/+@"�wv)xwa�}���*�gji

rank[sI −A, B] = n, for λ ∈ C+
v)xwa�}c X fwz�]!i

Q
i
R
s%�"-., Y0/21 �w�)a)M+Nb]e�5i P 3 k�Ìb]"�)�%�	465 - ¡ L)�w�)a7}�o ¡�7 i R s�!�� �6*�8�9!#We�Uv

Q
s!�"±�v�x�:5x;:	<�n9=e¥"¦

1
s%2>8�o�L�= E � (A,R)

s%/�@"��v�x0L���¥ ¦
2
sFY"?�@A:�B"<�s�- ¡ L�w�C:�}D<	B�y�s�=

R
s G � 3 M+N 7 � P 3�E Ì 7 �)�%���F- ¡ L)�w�F,��CGwz�v)x;:�}D<	B�y�s�= H∞

q r�v��H=
Rs G �wv)x;: M+N�s�xDIJ=�B 3 GwzK,.M+N 7 ��Ä! 7 ¹"º�» / <�L�3 3  3�E Ì /�M Ç0:ON 7 ¹"PUs",��_}



3.3.
��£b¿!À�Á�¿/ÂwÃ

63

3.3.3 ���������	��
�di������£b¿�À�Á�¿eÂwÃ/�
2
®���» ½ ���5� / �����;@A:�� 3 < 1 ��� E L;85}�B 3 ½ �h�/� 7 �H= x 3 ��  3���� <����

3�� L �F3 { ¿/Â��4S! � / <":"<e�hz Ä! �"�,0>$#%� � *%L)�w��8�}�&�'e�H=hx;: Q = R / "��%�(' ¡ L;8� 7 � 1��="��  3*),+ s.-��Uv�, E Î�8FM+N 7 �H= Q 3 £w¤�, Ë�/./�� L 5 @A:	B�< 7 G0I�x;:|º + 3 3�) ' EA/�0,1 @A:"B<�s �32 :�} 1.E.1 =�Ä��;B 3 ��£b¿�À�Á�¿/ÂwÃ%� Q
=
R 3 ¾ 7 �01>, 5|x;:54 3�E Ì / Í¼Î��w�C:	B�<�s.- ¡ L)�w�:�}43�L / Æ�Ç0Gwz¬}

6�7�8

(3.60) 3 ¹"º)» /�9,: ��;�<Uv�=>'C:�} B 3 8+,9=�® 3 Gwz 7 » /�? ��@A:�}
PA + ATP − PBR−1BTP = −Q (3.77)


�» / sP − sP
G.IA@65�<%=

P (sI −A) − (sI −AT )P + F TRF = Q (3.78)

�)¡�7 =�B ER¡ (sI −A)−1B
=�� ER¡ BT (sI −AT )−1 /*C%D :"<O=

−BT (sI−AT )−1F TR − RF (sI−A)−1 + BT (sI−AT )−1F TRF (sI−A)−1B = BT (sI−AT )−1Q(sI−A)−1B (3.79)

E,F 7 R / A�'%�HGe¯�@A:"<%=
(I − F (sI −A)−1B)TR(I − F (sI −A)−1B) = R + BT (sI −AT )Q(sI − A)−1B (3.80)

<H,>:+} B"B�v
s = jω

<.8 5�<%="
�»,B F � 2 I �H!"� �Uv)x;: Eh¡ =
(I − F (jω −A)−1B)TR(I − F (jω −A)−1B) ≥ R (3.81)

sH� E L�:�} B"B�v�="
�»)�,J$KML5ÂwÃ Q 7ON,P 1 ,���B"< / ��>C@A:�}�#*2® 3 �����+� � � 3 ���e�)� / =�'C:+}
ẋ = Ax + bu (3.82)

y = x (3.83)

B�L 7 � 1 ��=
u = fu, f = −r−1bTP (3.84)

<�@A:	<%=
(3.81) 3 ¥ ¦h�H=

|1 − f(jω −A)−1b| ≥ 1 (3.85)
<H,>:+}��#*�=

L(s) := −f(sI −A)−1b
<�@A:"<O
 3 ¥ ¦h�H=

|1 + L(jω)| ≥ 1 (3.86)

<H,2:�} B�Lw�RQ
3.3.3 3 �,S,T�UU�5� 3HV �,W)�7{z<���¶f{ s (−1, 0) /�X.Y <K@A:%!RZ 1 3�[	3HX�7 � ¡ ,)��B�< />$# 1 �w��:�} B 3 �%1 / <���¶f{J@A:"<7® 3 Gwz 7 ,>:�} B 3 Q.G.I 2 � v5��v � L;8����!�3\�]�=�^�_�\�] /*`�a

7.u ,;:�B�<�s �O2 :+}������O\�]��H="Ä	� <5b,c�s.d$e>:gf�s#�����es�h,i E.1 8,j 7 (-1,0) / ID:,� 3 v)x�ÎH8 sH=
(−2, 0) / I :�� 3�/ =k'�:�< L(s) 3 �+��� s 1/2 7 ,�Î�8><FL 7 (−1, 0) / I :�}#O¼Î���=��+���*\�]hsml � � <�,
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−

+

L(s)

−f(sI −A)−1b

Q
3.1:

��� � �#= 3 ��£�¿�À�Á�¿/ÂwÃ

Re

Im

(-1,0)

L(jω)

Q
3.2:

��£b¿�À�Á�¿/Â�Ã 3�[ ¥ ¦
:�} *�8H=,^,_�\�]h�H=���f /�X.Y <�@�:%!RZ 1 3�[ < V ��W)��{z<���¶f{¬smd$ehÎ�8.f <7Ä	��s",�@�� + v)xUÎ�8 E¡ =��;, 5�<�� 60◦

È	
hx;:	B�<�s5� E :�}® 7	�,+ �5� / =�'%��
2:"<%= S(s) = (1 − L(s))−1
v�x;: ER¡ =

|S(jω)| ≤ 1 (3.87)

<H, IJ=���> 3�9,: �wv ��+ s 1
È § 7 ,UÎ2����:	B�<�s5� E :�} *�8H= V ��W)��{�<��)¶�{ G.IJ=�^R_��L������ 90◦v)x;:	B�<5s5� E :7}�È	
�Æ�Ç�8 E Ìh��=+�����+� � �#= 3�� h��("�,�=�� 7 G.I p ¡ L;8 � 3 v)x;:�s�=���� � �#=

7"7 � 1 ������� 3 B�<�sFY I ?���} * ¢ =#�����+� � �#= 3�E Ì 7 �)�%�!*�<�,e�#8 5 }
1. L(s) 3 ^,_��Lw����� 90◦

v�x;:�}
2. L(s) 3�� ���3\�]h�*l � � =,^,_�\�]h� 60◦

v�x;:�}
3. L(s) 3�a � ��� Â�� 	R¶���= 3��,+ �9#w� 1

È § }
B 3�E Ì 1.2.3.

����� � ��= 7 � 1 ���)2>8 � L�:�}
1.
B#C "�,�^,_��L

L(s) := −F (sI −A)−1B, F = −R−1BTP (3.88)
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<�@A:+} B�L�G.IJ=
lim

s→∞
sL(s) = −FB = R−1BTPB = R−1/2(R−1/2BTPBR−1/2)R1/2 = R−1/2(R−1/2V R−1/2)R1/2 (3.89)

<9,;:+}
B
s � :%K;�+�%v�x0L��9=

V
�9�"�D<H,2:|}AB�L�G>IJ=

lims→∞ sL(s) 3 } � ¾h��#U��� <H,;:+}h��*�3;L ¡9/
λ1

=
...
=
λm

<�@A:"<
lim

s→∞
sTL(s)T−1 = diga(λ1, ..., λm) (3.90)

<H,>:+}#O¼Î���=
TL(s)T−1 3 ��� 3 ^�_��Lw��� � 90◦

v)x;:	B"< / q 1 �w�C:�}
2.
@"�,\�]
Q

3.3.3 3 Gwz 7 =,������� 7 L.HB´ 3 ,�����,� Ë�/./�� �C@A:�} B 3 ���e��� 3 ¹"º�»w�H=

−

+ u
CL(s)n

v

Q
3.3:

�����	� 3 L.HB´ 3 ,�����,� Ë�/.3�� �

ẋ = Ax + bf(u), u = −R−1BTPx (3.91)

y = Cx (3.92)

B 3 j�® 3 B�<�s%Y�?C@A:|}
[
��¯

3.7]

(A,B)
s0/+@"��=

Q = HTH
v

(H,A)
s%/�R � v

(3.92)
s

[0,∞)
v5 / Íh�2<�@A:�} f()

s�® 3 ¥ ¦ :

1 + ε

2
uTR−1u ≤ uT f(R−1u), f(0) = 0 (3.93)

/ 2>8�@C, ¡ �H=����e�)�"�.B#C�@"�Uv)x;:+}B 3 ��R� EA/�
 K � 7 @A:"<O=MQ 3.3.3 3 G�zK,�����Ã5Â�¥e¦ / 228F@%� 3 v�x;:�B�<!s,e E :�}w��* I = f s���µK%v)x;: M+Nh��=
f 3 � � � 3
 K � s � 1 � � v��.B��6, 30◦ 3�� �DGAI��%
 7 x;:	B�<�v)x;:�} B�Lw� f

s��,��vx;: M�N�=������"s
1/2
G.I � L���B�< 7 �"' 1 �w�C:�}

3.
^,_�\�]
2.
v�� ?�� < 1 �%L.HB´ 3 ,��M� 3"/ =�'�8 s�= B"B�v��0@"�>,���� 3�� "����e��� s������ 7�� � � L;8FM+N / ='C:�}

(
Q

3.3.3)
B 3 <�L9=�É��,���Us P�� 1 �w��,��C<�@A:"<.9;:UÂ�<�=h�	����= <PK#QwvCL;:�}

˙̂x = Âx̂ (3.94)

y = Ĉx̂ (3.95)

B 3 <�L�® 3 ��¯�s%Y I ?w��}
[
��¯

3.8]

(A,B)
s%/+@"��=

(H,A)
s0/�R � v)xDIJ=

∆(jω)R−1 + R−1∆∗(jω) ≥ R−1 (3.96)
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u

v

Q
3.4:

��,� Ë�/.3 �!��Ã%Â�¥ ¦

−

+ vu
L∆

Q
3.5:

�����	� 3�� "�� �e�)� 3�� �
v)x;:9, ¡ �H=�9;:UÂ!<�=U�0@"�Uv)x;:�}

∆(jω)
s���µ�K%v

ejφ
<�@A:"<

(3.96) 3 ¥ ¦h�H=
ejφ + e−jφ = 2cos φ ≥ 1 → |φ| ≤ π

3
(3.97)

<9,DI =
(3.96) 3 ¥"¦U� ��µ�K�= 3 ���;,���� 7 ,wÎ_���C:�B"<�s�� E :+}�*�89= ��+ ��� 7 � 1 � �����2,;B"<!s%Y I?��;B"<�s `�aA7 q� �:�}

3.4 ���
	�������
m � *�����=����e��� 3 ¨)© / �U� ¨)© 7 @A:%=�¿�ÀhÁ�¿%ÂUÃ5��� 7 �)�/�%Æ�Ç)�CL	8�}�¿�À�Á�¿/ÂwÃ5���R�H= ���= 3������ P 3�� r "�=�'�¹ / °�'%��8 IJ=#�� 7�� Ë ���;: ��=#m � *�� 3!��� P"�5°>' ¡ L :"¿�ÀhÁ�¿%ÂUÃ%�H=�Ä"�
�� ���#� �R�%$#m � ����="&�')(+*���=�,	# 7 N~Î��+8 I =�&-'.(�*5É�� E�¡H3 É�/ 7 �)�%�)�H=+�.0�=�1 � L)���,��2$ 1FE.1 = (A,B,C,D)

��° ' ¡ LA:.H.3':w�9=;����#&4'5(�* 3 �"®'C�6"���DI =�*�8H= ���4703 �2´ � { *"�
P�� @0: 3 ��=43;L ¡H/ =41 1 ,-80L�9	, ¡ ,+:%$r � ���H=�É4/�; �%� ¾<� P�� @�: M+N 7 ==&�')(�* 3�> � / �;:#�%��¾ 7 ,�# 7%? O �  �: ��� = 7 ��:/� @�D	@:A$;� 7 =6�%�"¾";5É�/;,=B 3 É-C5D-E���=/� � ®.F��,�#= 3.> �+�5° ' ¡ L�: M+N 7 �;@0:+��G2, ���0/ =�H�Â4I.="=*�8 �H= > �b¿�ÀUÁ"¿/Â�Ã [2]

<�J4K�$0B 3���� ="��='m � * � 3 ¿�ÀwÁ�¿/Â�Ã�<ML2,2:gfw�H=%��� ¨�© 7 8�:5��= > �
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��� � ��� 7 , ¡ ,-80L"9	, ¡ ,":*f+�+�;:A$���*DIJ= B"B!��=�'�: ��� =��H=�® 3 2
f / ��j 7 2>8 � ,-8�L�9	, ¡,+:%$

(1)
&�')(�* 3�� ��@e� E ���	� � L�: $

(2) > �b¿�À�Á�¿/Â�&����.�.U#Y � L�: $
B 3���� =#��J$KML%ÂwÃ ?�� * 7 � 1 ��=b��	�'h{ <H,>:�8+, 7 ��=�
�� 7 =�É-C�D-E 3 4	 7�� e ¡7¢ �2:P�"->,¥ ¦ / 2>8 � ,-8.L�9	, ¡ ,�:%$ B�L��H= Wonham ¡ ��°>'�8�� � �4H.3':���¯�� <��(e'L�:,� 3 ���;:M$�r � �9=��� " 7 ��=AB 3 � ¯ / @!D	@.:	B"< / ��".< 1 =��	���H=�$	& "�� 1 :���� Eh¡! ,�:A$4*�89="� � ��H43;:���¯#� 3%$&2,'�!D 7 *��(�H?*)O� ¡ ,+:%$

3.4.1 +-,|`/.�021(3547686�9;:=<5>5?
A@�>-B 
8C 
A@!DFEHG
��= ® 3 /+@�I E	J /�R > ,�&�')(�* / =>'C:A$

ẋ = Ax+Bu ,A ∈ Rn×n , B ∈ Rn×m , C ∈ Rp×n (3.98)

y = Cx (3.99)

8�? 1 = rank B = m, rank C = p
< �(I�@A:A$ B 3 &�')(�* 7LK 1�M = y(t)” / �U� ��,+:F��I 3 �%� ¾ y0 7 CON�8;:B�< / =�'C:A$ J * IJ= lim y(t) → y0(t)

$ B 3 8+,9=�®�» / 228F@ x0 /�PRQ =

y0 = Cx0 (3.100)

x̃ /
x̃ := x(t) − x0< 1 = x̃ → 0

<9,>:"GRSK, ��� = / =�'C:A$ (3.99)
G.I =

˙̃x = Ax̃+Bu+Ax0 (3.101)���;:���=k� 1 = x̃→ 0
<H,>:H,�T =w¤5�

˙̃x→ 0
���;: E T =
Bu0 +Ax0 = 0 (3.102)

/ 2>8�@ u0

� P�� 1�M = limu(t) → u0

<H,OT�,#U+9	,OT�,�:%$ B"B!��=
ũ = u(t) − u0

<.8 5�<%=
(3.101)

G.IJ=
˙̃x = Ax̃+Bũ (3.103)

<�, IJ=
x̃ / 0 7 @�: ¿%À�Á�¿eÂUÃV�'� 7�W�Xk� L :�$#O¼Î M = (3.103) / @�I	Y;@�: ��� Âh� 	R¶��;�+��� / F

<�@
:"<%=

ũ = F x̃ = Fx− Fx0 (3.104)
O¼Î M =

u = Fx− Fx0 + u0 := Fx+ ũ0 , ũ0 = −Fx0 + u0 (3.105)
<H,>: $ B 3�� 1 /[Z�\ ¶%� � Q 7 @A:"<%= <H,>:A$ (u0, x0)

�H= s t " 7 �H= (3.100),(3.102)
G.IJ=

[

A B

C 0

] [

x0

u0

]

=

[

0

y0

]

(3.106)
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F CB (sI − A)−1

y0
[

A B
C D

]

u0

x0

Q
3.6:

��� Â�� ����� Â�� 7 G":%H�Â�I.=
/ 2�� 1 ,-80L�9	,OT�,+:�$!D T E�7 =

rank

[

A B

C 0

]

= n + p (3.107)

���0L+9H=���> 3 y0 7LK 1%M = (x0, u0)
� P�� @A:A$�� 7 =�� � (3.106)

�H=���	�
��"���5�C:A$���F=���=
rank

[

A B

C 0

]

< n + p (3.108)

���;:	<�@A:"<%=
ξ ∈ Rn, η ∈ Rp

� P�� 1 M =
ξTA+ ηTC = 0 , ξTB = 0 , ||ξ||2 + ||η||2 6= 0 (3.109)

<�,>:"B�< 7 ,.:A$��C= ηT y0 6= 0
<�,.: ��� 3 ��l{�� y0 7%K 1�M = (3.106) /�� 8�@ (x0, u0)

� P�� @A:�< 1 GRS $
(3.106) �23���� T = [ξT ηT

] /�� 8;:"<O=
[

ξT ηT
]

[

A B

C 0

][

x0

u0

]

=
[

ξTA+ ηTC ξTB
]

[

x0

u0

]

= [0 0] = [0 ηT y0] (3.110)

��=
ηT y0 = 0

<�, I =
y0 3VP Q��D7�� @ :%$� "! M = η = 0

��#+8�$=9�# T�#=:�$D<�B�%5��= B 3 B�<��F= ξTA =

0 , ξTB = 0
<�# IJ=

[λI − A B]
�H=

λ = 0
�'&��%K�(��5��# 5)# IJ=�*�+�I E 7,� @A:A$� "! M = (3.107)

�H=���	"��;:A$�B.-0/�1�2�I�34-*�45�6�<87;:A$
9 I�3

3.9 :�;��-
y0
5 K=<�M = (3.104)

2 � �;@�:%=>&;?0@BA)& ��� @CA ���;D>EGF'H�E�@'I � P��'JLK.M 7�-�N���	�O�P�
����N
(3.106)

�GQ>RRTS$ K $
TVU�W

(1) (3.106) X�Y N�Z T � # X S05�N m ≥ p
��� K $

(2) (3.106)
��N [ sI −A B

C 0

]

, s = 0
5 K[< M N det

[

sI −A B

C 0

] ��\ \ 5G#�T�#-:�]�^G2�_ < M : K $�`�6 Y N
s = 0

�GN=&�')(�*�-�\ \,a �(��#+:�]�^82�_ <�M : K $b]�$R�0N�cbR)9�N
G(s) =

s

s+ 15 Kd<�M N�e�f�g�h�3�i'j'�FS8^�]�%8-0N 1 k -%
�� 7 j(��N�l46 < : I�m�n�o�p�N�q TS$�#�:�]�^85 K�rd<%Mts
KSu ��.N
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y

−

+ er
K/s s

s+1

�
3.7: �	� -�
�@CA 2�\ \�a 5��`��������

lim
t→∞

e = lim
s→0

1

1 + k
s+1

r

s
s =

1

1 + k

^G# Y Nt\ \ ^���#*T0# s0u G(s)
-GP��>50N�\ \ p�#���$��8N lim

s→0

r

1 + k
s(s+1)

=

lim
s→0

s(s+ 1)

s(s+ 1) + k
= 0

^�# KSu]�]�jGNL]8-���������-	������@tI ��!45 K;JLK I�m�"�#42 $bR K u&% N (A,B)
p�N

(A1, B1)
5��#Y <�M ^'$bR K ^ N( �'@�) �*��N

ẋ = (A1 +B1F )x+B1ũ0 (3.111)

^�# K u (A1 +B1F )
p8+�I'j�+�$,��N

t→ ∞
j8N

x̃0 = −(A1 +B1F )−1B1ũ0 (3.112)

p.-�/ JLKSu  "!�08N

lim
t→∞

y(t) = cx̃0 = y0 − C(A1 + B1F )−1(A1 +B1F )x0

= y0 − C(A1 + B1F )(A1x0 +B1u0)

^�# Y N�1	2�3 2 4 pGN�5�m�6�#[^ < 0�7 K ]�^�5.# K u

3.4.2 8:9<;>=<?A@�BDCE@GFIH
J�K�-	L�ML5 N < 08N����&����-	�����G@;I�5 N < 0�OQP��:R #�N	S�P k�T D>E0F�H�E8@tI82QUWV u (3.107)

p.-�/ <0 s;K ^YX�5 < N�J�K ^QZ�[�N x̃ = x− x0

^ < N�\ <.s ��] v
2QU�^ < 08N ˙̃u = v

^ JLKSu ]�$ X�Y`_�a �*�0N

d

dt

[

x̃

ũ

]

=

[

A B

0 0

][

x̃

ũ

]

+

[

0

I

]

v (3.113)

]�]�jGN
Ã =

[

A B

0 0

]

, B̃ =

[

0

I

]

, C̃ = [C 0]

^ J�K u Z*b � 5 N (A,B)
p0*�g�htj�+0$���N

(Ã, B̃) c *�g.h"^�# Y N (C,A)
p�*&d�e�j�+�$��0N

p = m
^ < 0�N (3.107)-0
���2�f s 08N













C 0

CA CB

CA2 CAB
...













=















0 Ip

C 0

CA
...

...















[

A B

C 0

]

(3.114)
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3 � g�h������
^�# Y N (C̃, Ã)

��N�*�d�e"^�# K u  "!�08N _���� $ M �������;5 N < 08N

J =

∫ ∞

0

(yTQy + vTRv)dt , Q > 0 , R > 0 (3.115)

2�$bR,Nb]�$�5 N JLK�����	�
.����� -�42�N

P =

[

p11 p12

pT
12 p22

]

(3.116)

^��>V,^SN
p11A+AT p11 − p12R

−1pT
12 + CTQC = 0

p11B +AT p12 − p12R
−1p22 = 0

pT
12B +BT p12 − p22R

−1p22 = 0

(3.117)

^�# K u ].-��GN T D>E�FtH�E.@tI���N
v = F1x̃+ F2ũ

F1 = −R−1pT
12 , F2 = −R−1p22

(3.118)

(3.103) � -���2>5 ��� b BT
2��G� K ^SN

BT ˙̃x = BTAx̃+BTBũ (3.119)
X�5 X�Y N B ��&��G��(��8j�+ K�� b N

ũ = (BTB)−1(BTAx̃−BT ˙̃x) (3.120)]�$'2
(3.118)

5���^ < 0GN
u̇ = L1x̃+ L2

˙̃x

M���< N
L1 = F1 − F2(B

TB)−1BTA , L2 = F2(B
TB)−1BT

2�q K u  "!�08N���'5���N
u = L2x̃+ L1

∫

x̃dt (3.121)

^�# Y N���c +
S�PL5 X�Y N�g�h���p���- � $ KSu ].-����4- ( �'@ ) �42��45�_ J0u

−

+
C

y
B

y0
L2 + L1

1
s (sI −A)−1

[

A B
C

]

�
3.8:

S�P k�T D>E�F'H�E.@tI
]�- ��pGN��t�5&�,� �G@'I��!>5 N < 08N�5;m�6�#b2�\ O�5 < 0 s;K ]�^82�_��! u (3.121)

^#"�$�#&%('
(3.118)2

(3.113)
5���^ < 08N

d

dt

[

x̃

ũ

]

=

[

A B

F1 F2

] [

x̃

ũ

]

(3.122)

]�$ X�Y N (A,B)
p8N

(A1, B1)
5���! < 0 c N�)+*�-����	����p8+	5�j�+ K-,[Y N x̃ → 0

^G# Y N/.-0>EGF'H�E�@��21(�p(3	- � $ K ]�^�pGP �tKSu
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3.4.3 ��� @�BDC @*F��	��
���������������
J��'-�&�?�@ A &����.@ A � T DLE0FtH�E8@tI�^ N'&�?�@ A P 	 �!� T DLE0FtH�E.@�I82���" < 0$# X  u o$%"^ < 0��N�J$&�p��,���G@tI���!45N < 0�O�P��:R j�# s -�5N < 0.N$'$&G� O&P��:R j,+ KSu ��-)(t5���N�J$&�pGN�S�P�*
2,+46.# s -�5 N < 0GN�'�&tj��0N p - - S�P�*42.+�/']�^�j�+ KSu ]8-�S�P�* �0NGOQP��WR o>5 N < 0�N�0�1�#�-.j�+%  ��u�2 ��Nb].- p - - S�P�*�pGN O�P��:R oL- M 7�-0N�0�1 � `�O�P�3$4�#�-�j�+ KSu
% L ML2���- X  055 �65�JLKSu

x = Ax+Bu

y = Cx , z = Dx
(3.123)

M���< N
x =

[

x1

x2

]

, A =

[

A1 A2

0 A3

]

, B =

[

B1

0

]

C = [C1 C2] , D = [D1 D2]

M��t< N x1 ∈ Rn1

�0N.g�h�N87�-,9;:8<>=>R@?�N
x2 ∈ Rn2

��N �;A6B�C ( ��� )
2�` V K 98:8<>=>R@?�N

u ∈ Rm
�0N*)

��(WRED�-�g�h�^&0�N
y ∈ Rp2

��d�e�.�0�N
z ∈ Rp1

��N	6�#�<)=<R@?�j + KSu 6 M N A3

-�FHG�IG��N J;J 0LK�+	5�j+ KSu ].- X  #��������;5 N < 0.N z(t) → 0
2 ��M.J�MON +	5�#tEGF�H�E8@tI&��N���-;&;?�@ A`P 	 =�5 X�Y Q>R,b$ K ]�^�pQPIbS$�0 s;KSu
u = F1x1 + F2x2 = Fx (3.124)

2 ��N 3.4.1
K�j6R�7 M���S ��N�] $;- T cUT�V # c -Gj�+�! M�u ]G- X  �5SN,9�:�&�?,@ A P 	 = (

6 M �0N ��� -�&�? @A &��$�.@CA
)
5 X !�08N MON +	5�#+.�0>E�F'H�E.@tIGp-��-'jXW KGM 7�-0O�P�3$4 ��N���- 5�3'jGQ>R bS$ KSu9 5�3

3.10 :
(1) rank

[

λi −A B1

D1 0

]

= ni + p for λi ∈ σ(A3)
j�+�$,�

(3.124) � -�g�h;Y>5 X ! 0 (3.128)
-�.�0�2;E�F�H�E.@

R JLK F1,F2

pQZ�[ JLKSuTVU�W
(3.99)

j���N
λi = 0

5 N JLK 3$4�N
[

A B

C 0

] 5 N r�JLKSu ]�]�j8N U�\ < #��G$,��#Gb�# s ]�^Q�0Nb].-���(8=.3
4*��O�P�3$4'j�+ K ]�^0j�+ KSu�L5,N

C = D
-��&��N

(D,A,B)
5 N < 0 Fx

2 2�]tJLKO^)_Q` @	P�p

ξ̇ = Âξ + Ĝz + Ûu (3.125)

u = Ĥξ + Ĵz

jGQ>R bS$ K ^6W0N�`�6 Y N

ξ̇ = (Â+ ÛĤ)ξ + (G+ UJ)z (3.126)

u = Hξ + Jz

^ JLK ^6W0N���-Oa�m45,bXcLd s o;%G+�p K u9 5�3
3.11 :

(D,A)
��*�g�h�j�+ K ^ JLKSu ].-t^6W W ∈ Rn1+n2 , Q ∈ Rn1×n2

pQZ�[ < 08N

(i) (Â+ ÛĤ)WQ = WQA3 (3.127)

(ii) rank WQ = n2 (3.128)
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3 � g�h������

% N X = [ V WQ ]
p��$Y>5.# K�X  05�� J ��N X−1(Â+ ÛĤ)X =

[

∗ 0

A3

]

].- 5�34- \ c J>K�� �GN>E�F�H�E.@�� 1���2 2�]tJ>K	��
 *�p ��N$B8C��������� 	 =�� ��� 
���?���� MQN�� +� j s;K ]�^0j + KSu! #"$ Nb] � 3$4*�H0�1;3$4�j�+ K p (A1, A2, B1) � ��! � N  0*O�P��:R&%+.�0�'�F�H�'�(tIj�+ KGM*)�� O�P�3$4�j���% s�u ] �'X  � (A1, A2, B1)
p,+�5�o-�#.4` X  � ��!  �M ^6W0N�.�0�'�/0�',(��21��p(3�- ��1>K�X  2%.�$���43*+	5'j�+ K ^ s  u	% N T;V %0c[^  0 � ��5 ^�.�0����$bR76 u

ẋ1 = −x1 + u1, ẍ3 = 0

ẋ2 = −x2 + u2, ẋ5 = 0 (3.129)

z1 = x3 − x1, z2 = x5 − x2 (3.130)

] 1� N  0 � �#��
 *-� $bR76 u
[

u1

u2

]

=

[

T1(s) 0

0 T2(s)

]

, T1(s) =
(2s+ 1)

s2
, T2(s) =

1

s
(3.131)

8:9 0GN
T1, T2

��N�� 17;�1 x3, X2 � 
���?<� �4
 * ��MON�� + � j s 6 u Z b "=� ] �#��
 * � N  08N	6�#G��\�O
� %<6 u ^�]*>�pGN@? ` � ����� � �#A�B p A�C N � ��D*E�'X  2%6?<( )8p+.#F!6�^6WGN;?G( )Gj����4��)�) �����

+

−

1

s+1

+

−

1

s
2 T1

1

s+1

1

s
T2

�
3.9: ε �;X 6 A�B p�+�6Q�������

�IH,J*K-6�]�^Q��jXW4% s u ) � �������L� (3.123) � N r ��M 0�N+**K-6�^

d

dt

















x1

x2

x3

ẋ3

x5

















=

















−1 0 0 0 0

0 −1 0 0 0

0 0 0 1 0

0 0 0 0 0

0 0 0 0 0

































x1

x2

x3

ẋ3

x5

















+

















1 0

0 1

0 0

0 0

0 0

















[

u1

u2

]

(3.132)

[

z1

z2

]

=

[

−1 0 1 0 0

0 −1 0 0 1

]

















x1

x2

x3

ẋ3

x5



















3.4. � (���� � ��� 73

d

dt







ξ1

ξ̇1

ξ2






=







0 1 0

C 0 0

0 0 0













ξ1

ξ̇1

ξ2






+







0 0

1 0

0 1







[

z1

z2

]

(3.123) � � ����(���j�N=K4^SN
[

u1

u2

]

=

[

1 2 0

0 0 1

]







ξ1

ξ̇1

ξ2







A1 =

[

−1 0

0 −1

]

, A2 =

[

0 0 0

0 0 0

]

, A3 =







0 1 0

0 0 0

0 0 0







B1 =

[

1 0

0 1

]

, D1 =

[

−1 0

0 −1

]

, D2 =

[

1 0 0

0 0 1

]

^�% Y N (3.126) �#��
 * � N r  08N�� 1 b � � ����(�����N

(Â+ ÛĤ) =







0 1 0

0 0 0

0 0 0






, CT + UJ =







0 0

1 0

0 1







H =

[

1 2 0

0 0 1

]

, J = 0

^�%<6 u Z b "=����
 * ��MON������ I � 
4��?<�.+ � j s 6 u _ O 	 = E � j&� � ?G( )I���	��K-6�]�^Q��N

A2 −→ A′
2 =

[

0 0 0

ε 0 0

]

^ ��! ��MtM ]�^ � "  .s�u `�
 Y N (3.131)
jGQ>R,b 1 64'�/<0�',(�������3*+&5'j���% s,u: " N T2

�
T1 ��� W

>R 1 ��N ε �;X 6 ^�����	 R ����R76 u ] � c " b P " 6 X  � N���.�0 � N  0 � - B�C<� T c ���4s �,
���?�� �
1=;�1�� ?G( )8pQ+ � j s�1 � X�s ]�^�pGP " 60j�+�>  u
% N�.�0�'�/<0�'�(���� 2�] K-6 ��
 *-��� �tX  � N=K0N

ξ̇ = Acξ +Bcz (3.133)

u = Kcξ +K1x1

] � ^ W0N�� � 5���p.- Y /�` u� 5��
3.12 �

(3.133)
p-��3*+	5<%+.�0-'�/<0�'�(���j�+=6 ML)�� 0$1;3$4*�0N

i) λ ∈ σ(A3) � N  0.N Ac

��N��21 ? � � ��� �*� p --� ��] ν(λ) � ) � �21 ? � � _ O 	 =4�.+>/ u ]�]�j8N ν(λ)��N
A3 � �21 ? � � ��� � � FHG$I λ � N r K-6��21 ? � � _ O 	 = � ��] ��T�a I�j�+�6 u

ii)
K J 0 � λ ∈ σ(A3) � N  0

rank [λI − Ac Bc] = nc

rank

[

λI −Ac

Kc

]

= nc
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3 � g�h������
5�� � i) � 3$4$� ��
 *�p�� M KL^6W0N ��
 *G� �8A ��]$� ��MON 
��$?<�.+>/4^ s  u 
 M N i) � 0$1�o-� MQN 
��?�� �"^ s  u� "< N p = 1 � �&� � �0N ��
 * �$ML�.V$� 
I�L?<�,+ � j s 6�]�^��.1XR  0 s 6 � ��j�+=6 u `
 Y Nb] � 5	� � \ c�p��$1 � %G6 � ��N p = 2 � ) � �&�'j�+76 u p = 1 � �&� � �0N V��$� e�f�g�h ��i �0k<� $bR� �	��
 K-6 u ] ��X  %,O�P��:R % � ($��� � ����� S ��N,��� 	 ) 9 �����-� N  0 � � � J 6 Smith, Devison �� S pQG��'j�+�6 u�

Smith, Davison � � S �

ẋ = Ax+Bu+Dw (3.134)

y = Cx (3.135)

%<6Q������� � N  08N y → yd

^�%<6 g�h��$����-=K-6�]�^Y$bR76 u
e := y − yd (3.136)

M��< N yd

� � 5<% ��� I�N w � � 5 ��� ^�K-6 u ] 1>X�Y N

ė = cẋ (3.137)

j�+�6 " b N

d

dt

[

ẋ

e

]

=

[

A 0

C 0

][

ẋ

e

]

+

[

B

0

]

u̇ (3.138)

e = [0 Ip]

[

ẋ

e

]

(3.139)

%<6 _�a �$��q:6 uLs 
�N � (�� � 3$4
rank

[

A B

C 0

]

= n + p

p�N�� M ��1 0�� Y N (A,C)
p�&d�e'j�+ 1 �0N�Z b "=� _�a � ��&d�e�j�+ Y N � ($� � 3�4 X�Y �g�h"^#%G6 u 8�908N�� ��� $/%Q]

J =

∫ ∞

0







[

ẋ

e

]T

Q[ẋ e] + u̇TRu̇







dt

� T���5 K-6 ��� (�� P 	 =,Y$� R ) N
u̇ = [F1 F2]

[

ẋ

e

]

^  N>] ����� 9X:<��\�O�^�K-6
u = F1x+ F2

∫ τ

0

edt

^�%<6 g�h;Y�p�q b 1 6 u
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3 �� 5�� ��� Z

[
5��

3.4 ��� Z ]

d

dt
(xT (t)P (t)x(t)) = ẋTPx + xT Ṗ x + xTP ẋ

= (Ax +Bu)TPx − xT (PA+ATP − PBTR−1BP +Q)x + xP (Ax+Bu)

= −xTQx + uTBTPx + xTPBTR−1BPx + xTPBu

= −xTQx − −uTRu + uTRu + uTBTPx + xTPBu + xTPBTR−1BPx

= −xTQx − uTRu + (u+R−1BTPx)TR(u+R−1BTPx) (3.140)

] 1>X�Y N���2$� 0 " b T 
.jQS�P7K-6�^SN

xT (T )P (T )x(T )− xT (0)P (0)x(0) = −J(x0.u, T ) +

∫ T

0

(u+R−1BTPx)TR(u+R−1BTPx)dt (3.141)

] 1>X�Y N
J(x0, u, T ) = xT (0)P (0)x(0) +

∫ T

0

(u+R−1BTPx)TR(u+R−1BTPx)dt (3.142)

^�%<6 u )�� � 1	2�3�� 4 � 2
�$��� � S�Ptj�+�6 " b)N

u(t) = −R−1BTP (t)x(t) (3.143)

j�+�6 �&� � � $/%Q]'p T�� j�+�6�]�^�p�� " 6 u�� Z�� (3.57) � � � � � Z�[ �
	 j��<% 9 M pGNb] � � � �G� �)0
Kalman

p�U s�M ����N�e�f�6�P S ��f s 0�� Y ] 1 �;T;V j���% " 9 M�u
[Q.E.D.]

[
5��

3.7 ��� Z ]

V (x) := xTPx
��$bR76 u

V̇ (x) = (Ax+ Bf(−R−1BTPx))TPx + xTP (Ax+Bf(−R−1BTPx)) (3.144)

= xT (PBR−1BT −Q)x − (2xTPBf(−R−1BTPx)) (3.145)

^�]L>0p 3$4 X�Y N
≤ −xQx − εuTRu (3.146)

^�%<6 u V (x) ≥ 0
j�+�6 " b Hx(∞) = 0, u(∞) = 0

��q:6 u 
 M N (H,A)
���/.�j�+�6 " b x(∞) = 0

j�+�6 u
[Q.E.D.]

[
5��

3.8 ��� Z ]

s 
 ∆t(s) � ��� �S�PG%.^&0 u
p.^ 9�� ^6W � .�0<� v

^�K-6 u ] � ^6W�� Perseval � 5�� X�Y
2

∫ ∞

0

vT (t)R−1u(t)dt −
∫ ∞

0

uT (t)R−1u(t)dt

=
1

2π

∫ ∞

−∞

U∗(jω)(∆(jω)R−1 + R−1∆∗(jω) − R−1)U(jω)dω ≥ 0

(3.147)
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3 � g�h������
^�%<6 u � ����� \ � τ ∈ [0,∞) � N  0 �

xT
0 Px0 = xT (τ)Px(τ) −

∫ τ

0

d

dt
(xT (t)Px(t))dt

= xT (τ)Px(τ) −
∫ τ

0

(Ax+Bv)TPx + xTP (Ax+Bv)dt

= xT (τ)Px(τ) −
∫ τ

0

xT (PBR−1BTP −Q)x + 2vTBTPxdt

= xT (τ)Px(τ) −
∫ ∞

0

xT
τ (PBR−1BTP −Q)xτ + 2vTBTPxτdt

� �< � xτ

�
x
� ���

τ
j����	� 9�� %Q]tj�+�6 u ]�]�j � u = BTPxτ

^�K-6�^
(3.147) X'Y �

−2

∫ ∞

0

vT (t)R−1BTPxτdt ≥ −
∫ ∞

0

xT (t)BPR−1BTPxτdt (3.148)

j�+�6 " b �

xT
0 (t)Px0 = xT (τ)Px(τ) −

∫ τ

0

xT
τ (PBR−1BTP −Q)x − 2vTR−1BTPxdt

≥ xT (τ)Px(τ) +

∫ τ

0

xTQxdt ≥
∫ τ

0

xTQxdt (3.149)

^�%<6 u 8:9 0 � (H,A)
��  .�j�+�6 " b x(∞) = 0

^�%<6 u
[Q.E.D.]
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4 � � � � � � � � 	


 � j����8/ � �����$����=K-6 � )��OT�V��H2 f (L%�� S �Q� J 6 �����,) ���  .s ��<% � ���G%���% s u 
 � �
 �����   �	�&����� �$Y �� 0�� � � � � +=6 u ����<� ���LK$6�� ��� 
 � +=6�p
�0o�� � �ts ��$� ��%  � )L��
�QN87 � )��I�WR � �43�!�"�������(��,� � W�6 � �#��# ��$&% K-6�' ��(*) 
  8s�u,+-� / � ���.�<��$.-76 �&���/ � ��� ��/2� � ��# � P 6 0$1 ( +�6 u '�' � �
�,
���? ( ��">(,��# �10G" 9 03276 �&� � ��� �,4 2�06� J 6�5
4.0.4 Smith 687:9<; � IMC =?>
% � )��4�WR �A@ 3�%Q] ( / � ���H1CB e−sL � / � ��� � %32 @ 3�%Q] P ∗(s) � S �L 0 �

P (s) = P ∗(s)e−sL (4.1)

� N ��1 6 � K-6�5 � �< � L ��/ � ��� � +ED � P ∗(s)
��+�5 � +76 � K$6�5.' ��� WA���F � �	-$��G 4.0.4 ��H  

� ��-7K-6�' � ��$I-76�5

−

+

−

z

yur

P−P*

PC

G
4.1: Smith �#��
 *

' � G � � 2
� � � 	 =�� �KJ2��1 � NC0 � Smith ��L e�* �AM � 1 6�5I' 1 �
�

z = Pu − (P − P ∗)u = P ∗u = yesL (4.2)

� %8D � z ( .�0 y � L N�O<� I-� L e  0�276 " b � +=6�5I' � ��� r " b y 
 �7�A@ 3�%Q] �
�
Y

R
=

CP

1 + CP ∗
=

CP ∗

1 + CP ∗
e−sL (4.3)

� %ED � ��P� � / � ��� ( %&2 ��� � ( ?�(�) @ 3 %�] � / � ���Q1�B � S � 2� � � %G6Q5R' 1.H D �TS�� R O�(��
C ��U�V �
� / � ��� � �*W�/ � 8 F � � S ��fX276�' �K(�� W�6�' �*(K0G" 6�5 � �< �I' � �L3 �KY \  %�� 1 �%Gb#%�2&' � �
� P ( +&5 � %�� 1 ��%Gb#%�2&' ��� +�6�5 2�Z �TG 4.0.4

��"�$�� =K-6 � G ??
��[:6�5

cL ��\�]�^&_ P ( K�+�5 � +�6 �&���RSI�WR O�(C`ba � P � .�0 � 23Z7� .�0 (�cTd � � ? ��1 0  
�2 e �Ke�f3g
��1�h �*i�j$� +�5 5 K$6�' ��e�� WI%�2b5�G ?? � �32Q0�� C � P ∗ �.N�0 � ��4�� S,� R O,(&` �� 0 K �lk - � �
�' ��H  2%*��CF$� IMC(Internal Model Control)

��3 � 2/ m5 (
G

4.0.4)
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3

4 � / � ���*F � ��

−

+

−

z

yur

P−P*

PC

G
4.2: Smith �#�4
 * � "�$%C\�],^�_

e

P

K

−

+

−

yur

P

G
4.3: IMC

��3

' � ��-��f 2*6 ��� �*O.P�]WR � ��+	
.D k��: %IV 0 � 2 �&� �Ke � K �� �e P−1 � � W=6 ����� 2 c,� ��� � �� (	� 8 + � e�� V %G6�' � e�
 b "��� >  5�� � � IMC �A+��I�L �� �XSI� R O�(�` MON$��� `4�WR ��� ��?G� P̄�L �� G 4.0.4 ��H  2%���� �= � � W���� ?G( � F ( +�� � �
K(0)P̄ (0) = 1 (4.4)

� 3$4��� � M�� \�]�^�_ e 1 ��6� (���F � % 9 � 2L6�5 23Z �
y =

KP

1 + K(P − P̄ )
r (4.5)

��� 6 " b � r = c/s � K-6 � � T�� I���� H D �
y(∞) = lim

s→0
s

KP

1 + K(P − P̄ )

c

s

=
K(0)P (0)

1 − K(0)P̄ (0) +K(0)P (0)
c = c (4.6)

� %8D .�0 e�� � I � ��
 K-6b5 
 � � \�]�^�_ � ^&0 N������ % �I� a E ��1CB (�� 6 �&� �*c � P̄ � J � Z C a E��1CB<�� �^  �� SI�WR O�(�`4� U�V K-6�' ��� \�]�^�_L��O�P�]:R 5 K-6�' �*(�� W�6�5

e

P

K

−

+

−

yur

P

G
4.4: IMC �A+��
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4.0.5 ���������
	���������������������������
� � �"!GCl@$#&%('3�() -+*-,/. � `10�243 k - �T'65�\�],^�_8769&:6;$<$=(>@?63BA ��� ��+CD.�' � 3 k -E.Q5EFGIH-J � `K0�2 e6L � �EMON1� PA��N J T 3RQ&0 �DS 0ETRUV0+WR=$XR> � H � L = nT ( �?DZYI[ H&\ 7 T

3(]+^ P 5� C@.Q5I'_5K; J 9`:baI<K=6>�?_3cA � F�\�]�^�_E5 @E#`%6' e G 4.0.5
5 H&\ 7 k -V.�' �*(��Vd .Q5

y

u

u

P*(s)Z.O.He−Tse−Ts

P*(s)Z.O.H

P*(z)

e
−Ls

u1 u2

z
−1

z
−1G

4.5: e G ;��"fCB/5 0Kg 1

'�' �"hEi 3 u
JKj e G ;��"fCB/5 k i 3 ui � H-J P ∗(z)

5Bl 01mVn o �"p$q@3
x((k + 1)T ) = Φx(kT ) + Γu(kT )

y(kT ) = Cx(kT ) + Du(kT )

� C$, � J ui

3 mVnI� k - � [$r 5csEt�FD3A[u.�5












x

un

·
u1













((k + 1)T ) =

















Φ Γ

0 0 1

·
1

0





























x

un

·
u1













u(kT ) +













0

0

·
1













u(kT ) (4.7)













y

un

·
u1













(kT ) =

[

C D 0 · 0

0 I

]













x

un

·
u1













(kT ) (4.8)

v F J k i a�7 e G ;�� (Bw x C@.zyE{�7 e G 4.0.5
5 H&\ 7 0Kg H � a/5csEt�F/3&-V.�5

P*(z)

y

P*(s)Z.O.H

y

u

u

Z.O.H P*(s)

$z^{−1}$ $z^{−1}$

$e^{−Ls}$

$e^{−Ts}$ $e^{−Ts}$

$y_1$ $y_2$ $y_n$

G
4.6: e G ;��"fCB/5 0Kg 2
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yn

·
y1

x













((k + 1)T ) =

















0 1

0 ·
1

0 C

0 Φ





























yn

·
y1

x













(kT ) +

















0

·
0

D

Γ

















u(kT ) (4.9)

yn(kT ) = [1 0 . . .]













yn

·
y1

x













(kT ) (4.10)

��� � J ��CF e '_5 mVnKo �"p$q�7 ��� 2 �KU�V C$, ��� 215
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�
5 � � � � � � � � � 	 
 � � 

� ����� J���� 5 g������ f�� M .����! �" g (SVD:Singular Value Decomposition)
�$#6,&3&%�' H F)(�*!+�,�-/.0 =&W_521�3�4/5$5I[ �/6 .87�" o�9V! 3�4@7K[/:�; g�< C@.8=>(�*?+/,E5?-�. 0 =&WK321)3+C�.8@)4@7 � JBA)A �DCE . P 5 �)F 7 PHGJI 5 P 5?K w x C@.$K J �)L�M � 'N:�;�:V. mVn o�9 p$q�7PO P�Q)R 5?ST:P7�" o�9E! 3�4@7�U&7V�W 3?X$3&C@.8=)Y�Z&5 ! 3�7D[�:�; � J 7�" o�9E! 3�4TK]\�3 H ;�:+._^?`)a�b�c>d P&e�N 52a�bfK$gNh+.zyE{fK 6d J #E5ByE{ �]i 5]j)4/32'k:1F$@TK$1)3�l?m>K?ST: yE{fK e :��!: \ A � �$n)o H ;)[ N =

5.1 prqtsvutw (SVD)x�y 3]z�{/|?}��]U M H FT� d J #85 x/y Kf~R5Tc \ M � R 32� � ;�:+.$�83 g)� C@.8@�4/5$5`[)K$���? /" gT�/6.8=��)�? �" g 3��`kRC@.(F��87 J [Er 5&���@32��� M H 7&'k:8.8=
[
�)�

]� >�,E3��+=/� S���� � >T, � 3�M8C@.)� d J��)� 5&�)�>K$� YVC@.8=
1. x, y ∈ Rn

5K; J
‖x‖ = ‖y‖ �/6 .6F)� 5]�$f���")��� � J 6 .&�)�DW S = x�y U

K w$x H ; x = Uy
�-pB�B,�.A � �/6 .8=

2.
x�y

M
7_� H ; J z�{�|?}D3

y = Mx

� 3�M8C@.)� d J x�y M
5 x)y � >T,E3

‖M‖ = sup‖x‖6=0
‖y‖
‖x‖

� 3�M8C@.8= A 5�� d ‖M‖ = ‖M∗‖
K$��dZY`[$=IF GIH-J

∗ � x�y 52�)���)�)=
[
���? �" g ]� o 5 x�y M ∈ Rn×m � a/5�c \ M {�7&" g C@. A �$K �Vd .8=

M = UΣV ∗ (5.1)F GIHzJ
U ∈ Rn×n, V ∈ Rm×m � �)�DW S = x�y � J

Σ =























σ1 0 · · · . . · · ·
0 σ2 · · · . . · · ·
· · · · · . · · · ·
· · · · · σr · · · ·
· · · · · · 0 · · ·
· · · · · · . 0























, σ1 ≥ σ2 · · · ≥ σr > 0



82 � 5 � ���? �" g �H7)" o�9E! 3�4
�/6 .H=
[
���

]

M ∈ Rm×n (m ≥ n)
� H J

σ̄ = ‖M‖
�BC@.8= A ,Nc>d J

‖Mz‖ = σ̄‖z‖� M . z K w$x C@.8= � A � K2�)� c>d
Mz = σ̄Uz� M . U K w x C@.8= A)A � J

x :=
z

‖z‖ , y :=
Uz

‖Uz‖�BC@.��
Mx = σ̄yK$��dZYI[ A �17 M .8=�� x, y 5?#_,��_,`5 � >T, ��� ��6 . A �17 n�o C@.8=	� A)A � x, y

7D#_,��_,�
 x�� o�9 3 MCkc \ 7����
 x���� 3�� E F U1, V1

3�� d J
U, V

3(a/5�c \ 7P3�M8CD.8=
U :=

[

x U1

]

, V :=
[

y V1

]

A)A � M1

3(a/5�c \ 7_3�M8C@.)� J a/5�c \ 72|?{ �B,�.8=
M1 = V TAU

=

[

yT

V T
1

]

M
[

x U1

]

=

[

yT

V T
1

]

[

Mx MU1

]

=

[

yT

V T
1

]

[

σ̄y MU1

]

=

[

σ̄ wT

0 M2

]

A�A � M2, w �����EM x�y �/6 .�K J Y � ��� 5�c \ 7 w ��� :��f��2 >B� M ._= M! &M * J ‖M‖ = ‖M1‖ = ‖MT
1 ‖�/6 .65 � J

‖MT
1













1

0

.

0













‖2 = ‖
[

σ̄

w

]

‖ = σ̄2 + ‖w‖2

� � ;
‖M‖ = σ̄ ��6 ."F��E7 M w = 0 � M�" ,$# M * M :P= M2

7_[�:�; P(!�%`M |!}/3 x M@\ A �_7/cfd J ���! �"
g 3�&
.8= Q.E.D.A 5&���? �" g 5 o�'/� J

y = Mx (5.2)

M .8z?{�|?}D3�(Bh J
U := [u1 · · · un], V := [v1 · · · vm], ui ∈ Rp, vi ∈ Rm�BC@.�� J

ui, vj � 3�M*)D5����
 x*��� J  �)D5����
 x���� 7 M � ;)[�d
y = UΣV ∗x = UΣx′, x′ := V ∗x (5.3)
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F GIHzJ
x′ := [x′1 · · · x′m]T = [v∗1x · · · v∗nx]T� J x 3�� H : V 5 ��� � p H F��
	 �/6 .8= A ,`32'k:�; J

y = U























σ1x
′
1

·
σrx

′
r

0

·
0























(5.4)

� M .8= A 5�� � J v� |!} � ,�.��T��2 > x
5
V
��	
� � 52��"I3���d-k H-J �)%&CD.Rk iT� J #85&��"`52���! ��7 M . A �R3 o�' H ;�:V.�= A ,`3
� � p$q+C@.)�6[Er 5�c \ 7 M .8=

v1
v2

x2

x
′

1

x
′

2

x1

u2

u1

σ1x
′

1

σ2x
′

2

x

y
y2

y1

�
5.1:

���? �" g 5�������� o�'

5.2 ������� �"!$#�%
& v ��� J (�*�+�,?K m8nKo�9 pKq � , J #E5 x�y 5!-/. 0 =+W � �u*&�E5&{ �() h+*-,@.!��'+78\�3 H ;�:_F2= H �H-J Y�Z+5�(�)@5Bq y
7�[�:�; � J #_,�K�*>�]"T�@* M : y8{ P_e :2=T#85�c \bM yE{�7 � J ()*!+�,V7&Y�ZI7,+�-/3
h ,/;)U); J #85&%�.>�D*2-�. 0 =&W_3$1)3+C�.8�$ffK 6 .8= A 5�c \ 7 J ��/�7!()*!+�,V7,+0-/3 h ,�; J -�. 0 =W_321)3&C@. A �R3
1
2�3�4�5�6 �!: \ = A�A ��� J ()*!+/,V5?-�. 0 =`W_3 J�7�8 ; 9)� 5?-T. 0 =`W_3�9$3 H J ��/; 9 5�()*!+/,E5?-�. 0 =&WK72|?}+C@.8@�4@71[/:�;�#85
:$U
;�:83�<�=@7 < �$CD.8=
mVn$o/9 pKq��b,&F�()*D+/,E78� H ; J (�)�>
? Ts � (?*!+�, 3 7
8 � H FbyE{ J (�*!+�, � a/5 mVn$o�9 5 l�"�@@ � � p �B,�. A � ��� �/��< � H F$=

x(k + 1) = Φx(k) + Γu(k)

y(k) = Cx(k) + Du(k)
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Φ := eATs

Γ :=

∫ Ts

0

eAτdτB

(MATLAB ��� A 5$|)} � c2d() ��� 7/c>d����/k��
	8= )
A)A � (Bh�	��]� � J Φ,Γ

K�Nh����&F(yE{�� J #���;��
W�c>d

A,B � ������	��]� �/6 	8= (
a���� ��� (y(k), u(k))

� �
Φ,Γ, C,D �"! �#	8@)4��%$/:�; �]< ����	8= )& � V�W � <�=�����	'&���� � A

�)(�*) � =�+ ��, ;��.- /2;�:�	)�10 � �.2 (�*� � -�:�3�������	8= A �Nc d
A �2Q�4 |?} T

�/c>d ��5
� �6��;

T−1AT = Λ :=













λ1 0 · · · 0

0 λ2 · · · .

. . · · · .

. . . λn













��- d ��7 &�8 x�y � � $]=9 /]; �
T−1ΦT =







eλ1Ts . .

.

eλnTs






→ Φ = T







eλ1Ts . .

.

eλnTs






T−1 (5.5)

��- d � 9�: Q�4 |?} x�y � Φ
3���5
� �6��	�= A �Nc>d � A ! �#	'&)��� � $1;���c#<"�"��� #!ST: A �$K�"���	8=

1. Φ = T







eλ1Ts . .

.

eλnTs






T−1 =: T







λ′1 . .

.

λ′n






T−1

����5
����	8=
2. λi = 1

Ts

Logλ′i (i = 1, · · · , n).

3. A = T













λ1 0 · · · 0

0 λ2 · · · .

. . · · · .

. . . λn













T−1
�/c>d

A �'! �#	 .

[ n)o ]

λi = σi+jµi

�>=%? � eλiTs = eσiTsejµiTs = eσiTsej(µi+
2π

Ts
n)Ts(n = ±1, · · ·) ��6 	6� �6� ������KA@ �B0H; σi+j(µi+

2π
Ts

)�!: <C@ � �D/];�:)&T�10]; 3 � σi + jµi

�%E6FTK�$��1-HGI-�	 A �)� n)o ��	_= A � ��� +�- ��J�K�L�MNK�O1�NP�Q��	6R1S
M :�(1K�ONT�/ �%&�� �/6 	8=5�@ � B �]@ ��� A K'8 x�y � �D/2;�:�	�� �
Γ = A−1(eATs − I)B (5.6)��-�	'� ���
B = (Φ − I)−1AΓ (5.7)

�/c�/];�Nh#����	 A �$K]"T��	8=A � :�U�V�M�W), � 5)X
�
0�& ����� � MATLAB ��� d2c()
�!: < �'��� Y)T��6�/;�:�	8=
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5.3 �	��
 ����$� ������� u�������� �A�A ���"�"!$# @ @ ���!-�. 0 �&% ��6 	 (Φ,Γ, C,D) �('*)�+ %�.T� � 1)3�� 	H@�4��B$/:$; < �)��	�=/#1�%&)����-,��"-�	 R/.�� ����- 0'� C E 	8=
[
�)�

]

1.
x�y

M
�10 2 �)�32!* (Frobenius)

� UT, ‖M‖F

�)� ��� � 3�M���	��54 �
‖M‖F =

√

∑

ij

m2
ij (5.8)

6 �870��K$��d:9.$$=
‖M‖2

F = trace(MMT ) (5.9)

2.
x�y

X
�/c�	�*$;�._ ��� f()

�8<�" �
∂f

∂X
=

[

∂f

∂xij

]

(5.10)

� 3�M���	)�54 ��� � �>= K$�/9���	8=
∂

∂X
traceAXB = ATBT (5.11)

(
��� � ,�? � ������� #�@/A��]���B��	8= )()*D+/,�K��

(5.5) � Nh#����	)�54 � 6 ��� � Nh#����	 x)y hi �-B UDC�0 (Markov)
-�. 0 �E%��!:�< =

hi :=











0 (i < 0)

D (i = 0)

CΦi−1Γ (i ≥ 1)

(5.12)

A � B UDC�0 B . 0 �E%]K�Nh#����	)�54 � (Φ,Γ, C,D) �'! �#	��]� � 1 2�3
4�FHG-IEJ>K �!: < =
5.3.1 LNMPORQTS�UNVXWRY[Z]\*^[_[`baNcedNMgf1hjilknmEo
& � 6 �qp�KHrBU (Hankel)

x�y
H � 3�M���	8=.&�s�0 � A)A ��� ()*!+/,1� 6qt n ��u-vf�/6 	)�6��	H=

H :=













h1 h2 · · · hn+1

h2 h3 · · · .

. . · · · .

hn+1 . · · · h2n+1













(5.13)

A � x)y �>w (�) x�y Vn+1

� wHx$y x�y Nn+1 � 'k:�; 6 ��c#<"�P"-z���	 A �$K � 4�	8=
H = Nn+1Vn+1 (5.14)

&�s�0
Vn, Nn � 6 ��c#<"�P3�MN�6��	8=

Nn :=

















C

CΦ

.

.

CΦn−1

















(5.15)

Vn :=
[

Γ ΦΓ · · · Φn−1Γ
]

(5.16)



86 � 5 � ���? �"-z��H7)"/� 9 9]3�4A)A �'� N1:n, N2:n+1 � 6 ��c#<"�P3�M���	)� �

N1:n :=

















C

CΦ

.

.

CΦn−1

















(5.17)

N2:n+1 :=

















CΦ

.

.

CΦn

















(5.18)

$ 7 d Nn+1

�$5�� � ��� 2�� ���_5���� ��� 2�� � � ��d	��:%&.3'� � (Bh�	)� � 6 � �>= K�& ����	8=
N2:n+1 = N1:nΦ (5.19)A � ��=f� Φ

1�
��)| R (Φ-shift invariance)
����B� � N2:n+1

K
Φ � N1:n

����� ����'B����&#3����!U)� ���?�B�6�
	 A � �]o ' 02;�:�	8= A ��c.<N- R/.���� $]7�"$� 9�� � d ) 02;/()*!+/, � 9]3�� 	 A �$K���� � A �Tc#<N-�j�4� ��� :%&�9]3�4 � 7�"/� 9 9]3�4 ����� � :�	8=& B UDCq0�-/. 0 �&%)� ��� G p�K5rBU x�y H

K�kh#� �#&T�N��	�� � #��?()*!+�,�-/. 0 �E% � 6 �2j! �%! ��	A �$K � 4#	8=
1. Φ = N †

1:nN2:n+1.
&�s.0 � † �#"�4 8 x�y ��$ � .

2. Γ = Vn(:, 1 : m).

3. C = Nn(1 : p, :).

4. D = h0.

n
cfd"3�%��'- 6 � ��(?*!+/, ��&�4 ��	>=�?�� ��� 6 ��c#<�� p�KHrBU x�y � �)�? �"-z���	8=

H = V ΣUT = [Vs Vn]

[

Σs

Σn

][

UT
s

UT
n

]

≈ VsΣsU
T
s

&-s#0 � Σn � %���-]���! f���6-.	 ��5 x�y ��6 	H= A?A �'� Nn → Vs

√
Σs, Vn →

√
ΣsU

T
s

�N�)��# � 6 � K�'�( 0�&()*!+�,�K�& ��� �E� ;%UHM��?�!(��AK��6��	8=
5.3.2 )�o SRM+*-,/.�Z \*^10�`
&��!2�- '/+ �102; �43�'$+65�7 K48'U���9�?;:=<3s " 1 � #B� ��F �4:=< ����> � '/+ �8' ��	 A �$K � 4#	)�H\3#��	8=���	)� A �Nckd �3B UDC/0�-�. 0 � %B�$1)3� ĥi

K & ��� � ��%.��	>p�KHr%U x�y Ĥ ∈ Rαp×βm � �1����	A �$K � 4#	8=�&�s�0 � α ≥ n+ 1,β ≥ n+ 1
��-�	)c#<"�&�)"4?*4
G �D	8=A)A#@

Ĥ ��A�B�C�D z���	!E
Ĥ = ÛΣ̂V̂ T (5.20)
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&�s�0 �
Û = [Ûs Ûn] (5.21)

V̂ = [V̂s V̂n] (5.22)

Σ̂ =

[

Σ̂s

0

]

(5.23)

@�
 	���� @
Nα := Ûs (5.24)

Vβ := Σ̂sV̂
T
s (5.25)

E6����# � Nα � Nn+1

E�9 % ��� .�� 
 	!E (��#� ��	�� @ �
Û2:α ≈ Û1:α−1Φ̂ (5.26)

����� 9#$ Φ ����� ��	�� (Nα := ÛsΣ
1/2, Vβ := Σ1/2V̂ T

s

E10��.3� �!"�
)
&�s.0 � ��#�$	%1� 6 � � Σ̂s

� 6qt @�
 	
�E%�"&�'���	���B�

Φ̂ � 6 ��(�) �'� ��* %�����	 * %,+�-	����.�/��0/�����	�!E � @ 4#	��
J := ‖Û2:α − Û1:α−1Φ̂‖2

F (5.27)

B� * %,+�-�z � X = Φ̂, A = Û2:α, B = Û1:α−1

E�1 G�E �
J = trace(A−BX)(A−BX)T

= trace(AAT ) − 2trace(BXAT ) + trace(BXXTBT ) (5.28)

@�
 	'� @ ��* %,+�-�2�����3-,	4�5,. � �76�8 ��9	: @ � trace()
�8< D ��� .���; < E

∂

∂X
J = −2BTA+ 2BTBX = 0 (5.29)

E�- � � Φ̂ � 6 �=< @ >�����>?��
Φ̂ = (BTB)−1BTA = B†A (5.30)@��BA�C�D'�E%)�7E 0�� ��F � E=G�H���I�J��K?��E � @ 4�?��

5.3.3 LNM�^PORQTSeZ]\T^10�`
U U�V�M�W�%	V�W�X�YK?"&	Z\[ 6^] ?*4)-�_a`�bdc U�V��\e\Yf?��

yk :=

















y(k)

y(k + 1)

.

.

y(k + α− 1)

















, uk :=

















u(k)

u(k + 1)

.

.

u(k + α− 1)

















(5.31)

 ]
yk, uk

V�gK!�?!E 6^] E = < ��hji�k ?��
yk = Nαx(k) + Ψαuk (5.32)



88 � 5 � A�B�C�D z E�� D ���	G��	�
&�s�0��

Nα =













C

CΦ

.

CΦα−1













(5.33)

Ψα :=













D

CΓ D

. . .

CΦα−2Γ . . D













(5.34)

@�
 ?��
� @�� [�?*4)-�9	:

Y, U,X
V 6^] .�<�["�\e\YK?��

Y := [y1 y2 · · · yN ] (5.35)

U := [u1 u2 · · · uN ] (5.36)

X := [x(1) x(2) · · · x(N)] (5.37)

 ] 9	:^V�gK!�?!E 6^] E = < ��� � 9����
Y = NαX + ΨαU (5.38)

 ] E =��fi *	��
 [� 0B! ] � Nα

@�
 ? � � 310 Ψα �>u-v @a
 k�� Y �^i ΨαU
V��E4�J 0���� � ] A�B4C�D zV�9#-�� ���	� ] 3 ] ��h i�k ?���0 � 0�� Ψα ���qv @\
 ?'&�Z�� ] 7�7 @ ��� 9 @ 4%-a! ���� @ � U ]�� V� "!\Y?$#	Z	[ 6^] 9	:^V�%���? �

Π⊥
UT := I − UT (UUT )−1U (5.39) ] 9�: � UΠ⊥

UT = 0
E�!�& � . V �(' ��!�?$#�Z��\< (5.38)

] � �fi Π⊥
UT

V�)+*�?!E
YΠ⊥

UT = NαXΠ⊥
UT (5.40)

E�, � � U ]�-	. V �$! @ 4�?�� ]�/�0 � 6^] .�&�[1/zaYK?��E�2 @ 4�?�� Y − ΨαU
V�2��aYK?$#	Z\[��43�5

Ψ
] 2�� C V�%��a?�� X ��> ]�67 ]

Ψα

] * %,+�-�2�� � 6^] (�)^E$8
J = ‖Y − ΨαU‖2

F (5.41)] *	9 z @$: � i�k ?$#	Z���� ] *	9 2�� C �
Ψ̂α = Y U † (5.42)

@$: � i�k �
Y − Ψ̂αU = YΠ⊥

UT (5.43)

E $<; @>= ?!E�%���? ] @	
 ?��!�5 k [#�>.?� Y Π⊥
UT � NαX

] �	@fV $BA ��!\? ] @ �� k V A�B C�D zaYK?!E?�
Y Π⊥

UT = ÛsΣ̂sV̂
T
s + ÛnΣ̂nV̂

T
n (5.44)
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E�,�?�������� ] ��D V���� A �
N̂α = Ûs (5.45)E�Y k�� � F E=G���.�&�[ Φ̂, C �=D�� ?����� � (Γ, D)

[7E A � � �\< (5.38)
. �

Y = NαX + Ψα ≈ N̂αX
′ + ΨαU = ÛsX

′ + ΨαU (5.46)
E�,�?���#�� A � X ′ � X

[
Nα �fi N̂α

[����aYK? ��!���" ]�# ��"fV
X $BA #�2 ] @�
 ?���� @ ÛT

n

V&% �fi )*�?!E
Û
]�')(^]+*�, � . �

ÛT
n Y = ÛT

n ΨαU → ÛT
n Y U

† = ÛT
n Ψα (5.47)E�,�?���� @ �

ÛT
n =: [a1 a2 · · · ; aα] (5.48)

ÛT
n Y U

† =: [b1 b2 · · · ; bα] (5.49)
E��\e	YK?!E?�\<

(5.47) �+- ] ��. < E /�) @�
 ?��
b1 = a1h0 + a2h1 + · · · + . + aαhα−1 (5.50)

b2 = a2h0 + a3h1 + · · · + aαhα−2

· · ·
bα = aαh0 (5.51) k V�9	:�0 ; YK?!E

















b1

b2

.

.

bα

















=













a1 a2 · · · . aα

a2 a3 · · · aα

. . ·
aα





























h0

h1

.

.

hα−1

















(5.52)

E�,�?�� ��� �
















h0

h1

.

.

hα−1

















=

















D












C

CΦ

.

CΦα−2













Γ

















=

[

I 0

0 Nα−1

] [

D

Γ

]

(5.53)

@�
 ? ] @ �
















b1

b2

.

.

bα

















=













a1 a2 · · · . aα

a1 a2 · · · aα−1

. . ·
a1













[

I 0

0 Nα−1

][

D

Γ

]

(5.54)

E�,�?��� k . � �
[

D̂

Γ̂

]

V1�<8�9	: E A # *�2 +�-	2��KV�9�,�� �$�43 ] 9	: ��hPi�k ?��EB[ ,f?��� ] � �fV&576 E A #18	� � MATLAB@ � n4sid()
E�!�& E$8 @ � 9 @>= ?��
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