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�
1 � � � � ��� �

1.0.1 	�
�����������������
• ���� "!
• #�$� "!

���� "!
1. S�F U&%('*)

• +SK*,
– -/.0+SK*,

∗ ±)�210+SK*,
∗ 3@�210+SK*,

– 12.0+SK*,
∗ 14+SK*,
∗ ���mN*+SK*,
∗ 5/.0+SK*, (Tactile Sensor)

– 67.0+SK*,
∗ �86(97:;+SK*,
∗ <7=7>;+SK*,

– ?@.0+SK*,
– AB.0+SK*,

• &�'7C(D
– D/E

∗ F/G
∗ H�x7N4IKJ2w(L%F
∗ M O �ON�x7N4�C�.N

– �@P/C(D
∗ Q2RTS �
∗ S�F2UPA,�.N@S �
∗ VKW4�(X�Y
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• )YNz�0D��YF>G
– DC U�F>G
– AC U�F>G
– DD U�F>G
– ���0U�F>G
– �(W���)YNa��D��YF>G ( x LP��D��YFYG
	 )

– ���S¯�%³7F
– <(=7>;U�FYG
– ?Pw>N%�*)SNz��D��YF>G

• V�X�����H
– ���������7Y2)%F���60Nz� 8.�����
– DSP 	m����|

2. �(I �&%('*)
• �����������
• �� �!#"
• �(I � � K0B4D�F76%$zKKH
��| (FAN &#' )

– (��SA�D/%�FSx��*)����,+4FSN
��|
– IKJ.-�F:4�/���|
– GA( 
��0<.��� ) ��|
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#�$� "!
1. S�F U&%('*)

• ���Sc��������
– ������� )%F�O%�3V$X
– ���GS�K U��3� � V$X
– ���	��
����3V�X

• �Sc��������
– R���Sc��������
– ��� ±����������M�.�����
– ��� �����@PC�������
– �	� �"!C�������
– #$C�������

• %4D�F�?G&�w U0� �������
• ) '2D�F&0�.K ��� �������
• ')(C�������

2. �/I �&%('*)
• %4D�F�?%K4wSKSG.F4I7'�F�N
• *��ScPlm�3V�X�&#'

+�,�-/.

• 0�123���|
• ,�F � N423���|
• %PF�OY�������

– 5,��� ������� ( 6
i�������� )
– 7(C�������

8:9<;>=@?�ACBEDGF/HJILKEM -EN

1. P�R �PO�Q>�3V�X
• PTP V�X
• CP V�X



6 � 1 � �.���������

2. 1�V�X
3. P�RMh 1��$S4w�TmL.��UWV�X
4. wSK0BaF���K7N:V�X
5. ; � �����$V7X

8:9<;>= ?�A/BED������
	JILK�M -�N

1. N�Ezw(Lm�.N��C�������
2. N��/H�x7O@�%c�C�������
3. ?�N>G �KNYEzF T��C�������
4. 6�Eav�5�E�FSG��C�������
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1.0.2 ����� �����
������� ( ?�ACB�D�E�F>G ) ��H�& ��b%c
	�� hIb%c�´PµY¶0����� ���2{2|�}�~a¨��mJ 'kD�E�F�J���K�����°0{ �
��i��z��� ( #%$,h 	Pn i�j � Mathematica {2|
}4~ 3��21 H�x(I $��.N7NS���� �"�¡L K�N�l��2b%cP;�O�����°�{����Mi�jzn�� �z��� )

!#"%$�&

1. �z���������
'#/
2. �z��������&�'7C(D (*),+.- /�0
3. 132��2b%cP;�O h�%2U#-�A )�NzfPg
4. ®Pb%c��Mh����SfPg
5. f�g%´PµY¶Ch54�b%c��
6. �7����¦
7. c71�� ( b%c�´PµY¶�0
8. J '2D�E�F�J6��K�����°

798;:=<
> 3m�76���N �@?z®��.A9B i��z�DC , E ��	m��~.F�EGF�H.� ia~Y} (G?=I�¯ Web 5YF#-G�� �%4K��zF UKJ.�,�z� .(pdf ��¶�LM? ps ��¶ ) [ "�N�O�� P,Q��SR�³,Q ± �DJ,? : �UT
V�C�W�Y.jY}
�
� .]

http://www.ac.ctrl.titech.ac.jp/˜ yamakita/text.htm

�P~ ,
798;:�< C�X
i�} (�?=I�¯0{�Y,Z i��z� .

1. [%",\ : ���������:1��MhQV�X^] ( _9` <
a )

2. M.W.Spong, etc.: Robot Dynamics & Control, (Wiley)
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�
2 � � � � � � � � � � � � � � 	 
 �

2.1 ���������� � ����� ���! �"$#
%'&)(+*-,'.0/2143'576

(
%'&�(+*98:5:;

) <>=@?BA:C4D)EGFIHKJ:LNM>OQP>}SRUT:V)M .)1'54WE>FQHIXYR[Z:\]<4^]R`_badcb<fe)gBgIH:h]g@ikj)l[m)npo0qrPY}0s %t&G(0*u,t.N/f1B3t5]6fvrwBxy4z){ 54| MQ}7~S�:�Ie`�4� y E %'&)(+*-,'.0/t143'576 MQ�:�S�NRb��g4gKHf�:�S�NR v hKe
1.
WS6'�S�4�'5��

(Stanford) � ,'.�/2143'576
2.
/t1'54,

(PUMA) � ,'.N/2143'576
3.
W4�:�

(SCARA) � ,'.0/2143'576
HS^7RU�W76t�S�2�t5�� � ,'.N/t1`3t576 h 1971 n W76t�S�B�t5����`� Hf�`�4��nt�K���@i]� Stanford

Arm Mr�:�Y_r�)R %'&G(+* H Fig. 1
v]� cpEI�B�0MQ�>�K�0g v`,t.0/21`3'576tvQ�4  _:OQPte2¡¢ vB£ PNnr¤4? £ P)MQ�)�7g:_QHS^7RU�/'1t54, � ,'.N/'1`3f576 hK¥>¦ vf§`. { 54¨N©p� (Unimation) ª)< 1978 «Nn:=@?2A4¬]f®7P� cIn'�2�+Of�>¯ v Hte Fig. 2

v>� cpEK�4�0MI�)�f�0g v:,'.�/2143'5>6 hI°GP v4£ PG<k±K² £P7j)l@E7qrPS³kR v < �`  Hk^]Rb�Gg vB,f.N/t1`3f5]6tvr´Bµ et¶B· y4¸ � { 5S6 <K¹]�>�pi]�`��Qe:º v ¸ � { 5]6 Mr»0qrPK¼2½:e'¾2¿4À4Á`Â v@Ã4Ä <fÅ`Æ4Ç'È��@i]�`�`�QetÉBÊ>HG¯[Ë:Ì2�B�4�v`,'.0/2143t576 _:OQP'Å�s9»7Í2iSP7³SRU�Wk�4� � ,'.�/'1`3t576tv SCARA h Selective Compliant Articulated Robot for Assembly
vÎ Hfe:º v@Ï <KÐk�'ÑÓÒuÔ>ÕI¬7K®]Pf��nf�K�0�@i]� ,f.N/t123t5]6 Hfe Fig. 3

v]� cUEQ�2�NMr��I��g vB,'.N/'1B3t5]6'vr�`  hQe W]6t�S�B�t5Ö� � ,t.�/21`3f576 e /'1K5`, � ,t.0/'1B3t5]6<+× £ PGMrØS�NR v nUÙÚOrPfedÛ £ PGÜ2�`hIeÚÝ £ PYOrjI�G�BES³@Þ]Hk^]Rb�Gg@i]hQeN¯`_B¯`_[ÔÕ vIßSà M@á:âÚOIEdsr_4¯Qã>³pÔGÕK¬>t®7PKJ:L`�Nnt�t���ri7�4�:�'HS^7RU�

2.2 ��� ���ä �"$#æå�ç�èêé�ëì� íî��ïð�ñ
,t.N/f1B3t5S6tvQò ?>Mr¼2½]��Rróte>³BôB³4ôpZ`õ)M0ö 8f÷ np�BÉ+OrP7³'� v H �4ø Hk^�Òùe:ºiS<Kú:ûNOB¯[Z`õGMI¤t� y npü7j+Ò-ý�³ ´ HK�BÉÚOrPS³kR`_KhBþGlrES³@�:º7gIHKe ,f.N/t123t5]6v Z`õ>h`�`h]='ÿ���MI¤t� y n@ü]j+Òuý�³ � cQn ¨4�B& ö (�� np�2ÉY�@iNRb�KÉ`Ê`»]Í'ikPS³kR ,.N/f1B3t5]6 hIe�� x�v ö ��� M £ PBZBõ>H:�BE��	�]Í�
]��ö ��� Z`õ>j)l õ���@iNRQ<Ke:º v2£PGhfm�n
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�
2.1:
W76'�S�4�'5�� � ,'.0/2143'576

�
2.2:

/21'54, � ,'.�/2143'576
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• ±Q² £ P (Revolutional Joint)

• ¤B? £ P (Translational Joint)

j)l õ ���@ikP]³:RU� ( g@i�����nre�� |4v]� crn'±I²Y_��	�>M�
��Sn�dc £ P�¯ á��SlbiNRI<Ke�4�Nn'h`E]qIP7³'ES³ � cUHS^]RU� ) ¯'ô����Ie`�]ó vB£ PNn2h]=bÊ��	� v]� cIn@e��G_f� vB|0©z � * H��4Æ v ±Q²GMQ�2É]�NRB¯ v ¯f^]RQ<Ke:º v]� cUErD��GhIe���� y n��	�4e � � � v ES³�ö� � Mrá!�fP:º'i#"'i v ö � � <:±K² £ PNn � qIP��kiSP7³SR4_[á!�kRU�±K²4e:¤`? vB£ P)M ¨:�`& ö ( � n@�`É7�NRf�`�knre Fig. 4
v7� cpE%$	&)MI��³SRU�

2.3 ���������� � ����� ���! �"$#ìèêé�ëì� íî��ïð�ñ
É4Ê('`L:�Y_4OQP�):�N�riSP7³kR %'&)(Y*-,'.N/2143t576'v Z4õ)h��	* v Ý,+�-Nnrü�-0�ri0RU�
• ¤�.	/	0 %'&)(+* (cartesian coordinates robot)

• 12(/	0 %'&)(+* (cylindrical coordinates robot)

• 3	/	0 %'&)(+* (polar coordinates robot)

• Å £ P %'&)(+* (articulated robot)

3�/�0 %'&G(Y* nth W]6t�k�4�K5Ö� � %'&G(0* <540ÜIi'e`Å £ P %t&G(Y* nth /'1t5`, � %t&)(* <54)ÜIiNR �SÜ'�Ief¤�.B� %f&](N* e�162�/�0 %t&S(0* _4O@P4h Cincinnati Milacron T 3 e GMF

M-100 E)Ft<S^7Rp��gQi+l v Z:õNM>¯'� ,'.�/214325>6Bv4¨k�4& ö ( � Et�4É87 ��9 e ,2.0/213'576'v ��:7<%;	<7H � R�= >BHS^7R[J:L	?(@)h5A v7� cIn'EGRU�
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�
2.3:
Wk�:� � ,'.�/2143'576

�����������
	���������
�������������������

������������	����������
�������������������

�������� �!�	�����"�#�� �
�����������������

��������$�%�&(')	����"�# �������� �!�*�+�$%�&,'-	
"�#�� ��.�/��������������� �������������������

�����������
	����������
0 .�/1���������������

( 2435 ����� 0 �16 .�/�7( 2435 ����� 0 ��6 ����7

�
2.4:
£98 Z4õ v`¨:�2& ö ( � �`É
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�
2.5:
,'.0/2143'5S6'v Z4õ+_Kº v`¨:�B& ö ( � �`É

(
%'&)(+* v��`� _b¾`¿�� Ø���� ( �
	��� )

� Ò ²�� )
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�
3 � � � � � � � � 	 
 � � 

(Homogenious) � �

�4Æ v ö ��� j)l@E7qrPS³kR %t&7(�*-vQò ?>M $��k�)R'n'hIe�� ö ���2v M � x _4OrP4ºfi�l v£�� M�$��]�`i��Bã>³Q� � xNvKò ?GM�$��7�NRBnBh2ã s��dl@i>� � cKnQe�� ) � x0v ��� ò ?�_�
) ±K² ò ? M�$��S�`i �2ã>³@��Üfû"!�#Nnre�$+O&%�Ò-o0³'<�'�()E4±K² ò ?7j�l á!�SRb�

3.1 )+*-,/.
±I² ò ?>Mr�S�>nthIe�� x n0% Ò2143>lbiS�K¤	.�/�0BÀ)M@á��@e:º v ��5 v76�8 M:9�;S�2i<� �x�vQß:à <�=�;>H � RU�)g`gIHkhQe ßkà M@�S� v n 3× 3

v ��>>M@á!�fPfeSº v7?A@ ��RB_Bg(�fMá!�SRU�

3.1.1 BDCFEHGJILKNMPORQTSUEHGV e �
3.1 n@Ð0�pi7� � xNW nYX�;0�@i]�fÞ p M@á!�:Rb�Ng v Þ>M79�;S��R[ZNn'hKeY\Úlrj v /

0:À�MY]_^>�NRUú�`G<S^7Rf<fe0g:gfHkh � � v /	0:À 0x0y0x0 _ 0x1y1z1 MK�N³'P"aG� v Þ p Mº v /�0)MQ��³IPK�BÉ]��R2g4_fM@á��:Rb�>g`gIHfe���/�0BÀ v7b_cAd � * ÷ ( e�f d � * ÷ ) M (i0,

j0,k0) e (i1, j1,k1) _r�NRU��gri)n � Òga>� v Þ p h�A v � � v �`É)<Nh:i+R`g:_2n'EGRU�
p = 0pxi0 + 0pyj0 + 0pzk0 (3.1)

p = 1pxi1 + 1pyj1 + 1pzk1 (3.2)

gri � Òùe 0px h p
v

i0 �:ü7HS^7RKj)l < p, i0 > H:º v �4ü><"jGÜ]RU�G�kÜ�Ò e
0px = < p, i0 >=< 1pxi1 + 1pyj1 + 1pzk1, i0 >

= < i1, i0 > 1px + < j1, i0 > 1py + < k1, i0 > 1pz (3.3)


IT0n]OQPfeG��� vk6�l<m M7nYRU�






0px
0py
0pz






=







< i1, i0 > < j1, i0 > < k1, i0 >

< i1, j0 > < j1, j0 > < k1, j0 >

< i1,k0 > < j1,k0 > < k1,k0 >













1px
1py
1pz






(3.4)
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i0

j0

k0

i1

k1

j1

�
3.1: �>EGR�/	04À]H v �`É

� qIPte
0p :=







0px
0py
0pz






(3.5)

1p :=







1px
1py
1pz






(3.6)

0R1 :=







< i1, i0 > < j1, i0 > < k1, i0 >

< i1, j0 > < j1, j0 > < k1, j0 >

< i1,k0 > < j1,k0 > < k1,k0 >






(3.7)

_@�`i �Ke W)v�m h�A v7� cIn'EGRU�
0p = 0R1

1p (3.8)

gri � Òùe	/�0:À 0x1y1z1 H'�4ÉÚ�Qi>� p
v /�0 1p M 0x0y0z0 H v /�0 0p � ø�� ��R��N>G<

0R1 HS^7R`g:_K<2Í:jGRU�
	Nnre 
QT v�� JNM5�GE�cfg4_2n � Ò
1p = 1R0

0p (3.9)
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_KEGR���> 1R0 M�j>�7R4_
1R0 =







< i0, i1 > < j0, i1 > < k0, i1 >

< i0, j1 > < j0, j1 > < k0, j1 >

< i0,k1 > < j0,k1 > < k0,k1 >






(3.10)

_KEGR`g:_I<`Í:jGRU��gri � Ò e4�4Æ v�����v�� � � Ò < x, y >=< y, x > HS^7RKj�l
1R0 = ( 0R1)

T (3.11)

_KEGRU��Ü2�Ke
1p = 1R0

0p = ( 0R1)
−1 0p (3.12)� Ò

( 0R1)
−1 = ( 0R1)

T (3.13)

HS^]R`g:_`¯IÍ`jGRU�7�kÜ0Òùe iRj <t¤	.���>7HS^]R`g:_KMIÐYOQP7³kRU�Ng4gKHKe det( 0R1)
v��

h (i1, j1,k1)
v %�Ò 6 n � qIP ±1 M7_4RK<te>º v det

v�� < � v ¯ v M`±f²	��>+_����B��	Nnre
3× 3

v ±Q²	��>GM SO(3)(
��
 ¤�.� ) _t³Gc � (det < -1

v ¯ v h � x)vQò ?SHkhI�2É7ûIe��� ø
� <fú�`>Hk^7RU� )g vKø��)vQ��
 EG¯ v _:OQPfe i0, j0,k0

v ±+Ò@n θ ��3B±K²S�NR�A v e �>±K²	��>><k^7RU�
Rx,θ =







1 0 0

0 cosθ −sinθ

0 sinθ cosθ






(3.14)

Ry,θ =







cosθ 0 sinθ

0 1 0

−sinθ 0 cosθ






(3.15)

Rz,θ =







cosθ −sinθ 0

sinθ cosθ 0

0 0 1






(3.16)

3.1.2 BDC�� O����+ILK�MPO QTS����V e 0x1y1z1
W H v x

6 84vkb�c<d �Ó* ÷
i1 M 0x0y0z0 Hf�`É7�NR4_

0R1







1

0

0






=







< i1, i0 >

< i1, j0 >

< i1,k0 >






(3.17)

_KEÚÒ i1 M 0x0y0z0 Hf�BÉ OK�7¯ v _KE>RU� 
IT0n��7j�l [0, 1, 0]T ,[0, 0, 1]T M�� 37R`g4_2n � Ò
j1,k1 M 0x0y0z0 Ht�4ÉdOK� d � * ÷ <�n l@i�Rp��gQi � Ò e 0R1 <tüGj'i ��/�0:À 0x1y1z1 <
0x0y0z0 nrÙdOQP�F v7� crE ßSà n2E>qIP>³]Rtj4<4ÍkjGRp��gQi � Òùe 0R1 h 0x0y0z0 n@Ù>�0R
0x1y1z1

v /	04ÀY=��7MQ�ÚOQP7³SR4_ á!�SR`g:_K<Nh:iÚR[�
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3.1.3 QTSUEHG ILKNMPO QTS � �V e
i1 = 0R1







1

0

0






(3.18)

Hk^7RK<Ke0griSh i0 M 0R1 n � qIPk±I²+OK� ��� < i1 HS^]R4_ á!�SRBg:_4¯rH � RU�Ngri � Òùe
0R1 h d �Ó* ÷ M2±K²S�NR ø�� HS^]R4_bX+R`g:_4¯IH � RU�
3.2

��� )+*��
	
3.2.1 ��REHG
� v 8)v��`Ã+� Òùe 0R1 < 0x0y0z0 M4^7Rf±K²+OK� ��� < 0x1y1z1 HS^7R`g:_UÐ+OQP7³SR`g:_<KüGjGqf�I�(A�nQe 0x1y1z1 /	04À>HG�SltnB±K²+OK��/	04À 0x2y2z2 Mrá!�'º vfø�� M 1R2 _r�Rb��g>c[�NR4_ , 0x2y2z2 H v p

v /	0 2p h 0x1y1z1 Hkh
1p = 1R2

2p (3.19)

_IEGRU��	Nnre 1p h 0x0y0z0 Hkh
0p = 0R1

1p (3.20)

Hk^7RKj�l[e ���
0p = 0R1

1R2
2p = 0R2

2p (3.21)

_IEGRU� � qIPfe 0x0y0z0 npÙ OQP 0R1
v ±I²)M5�GES³re 0x1y1z1 npÙ O@P 1R2

v ±K²)M5�>EGq� /	0)h
0R2 = 0R1

1R2 (3.22)

_QE+Ò e%/�0`À v ±I²GM�� 3tP��>E7qQ� ��� v /�0GhBºti�"ti vIø � M �]j�l �43tP]³_3��'ã]³:g_K<4ÍSj)Rp�0g v>� cfn]OIP'e���� OIP�/�0:À v ±f²NMQá!�'P>³]R%�]nQe�� _fEGR/(0:ÀNM������� ��!#" _2³Gcu��$!�_�Qe 0R1 Mrá!�fP7³SR � v:�432�Ö* /	04ÀGh 0x0y0z0 Hte 1R2
v D��Gh

0x1y1z1 _QEGR[�Ng v]� crn ø�� �ri]� /	0BÀ)M%�0nSOQP 	>E7R ø�� M �GE0c��:hIe ø � ��> v �3'&Gh �7j�l �GjGR`g4_2n'EGRU�
3.2.2 ()�REHG
A+*%, 0x0y0z0 -/. 0p0 0�1/2 ��> 0R1 3#1/254/67.80 0p1 9%:+;�9 ,

0p1 = 0R1
0p0 (3.23)

A<*%, 0x0y0z0 *>= 4'? 0p1 0 1R2 3#1�254/6A@B-�0 0p2 9�:+;�9
0p2 = 1R2

0p1 = 1R2
0R1

0p0 (3.24)
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9 � ;���4�6��	� ? , �B� 9�4 ?�1%2�
 >�� 1R2
0R1 9 � ;����� , 0p0 0 i0 9 :A;�9 , 1R2

0R1i0

� 0x0y0z0 3 0R1 1�2�4 , 	<* 0x0y0z0 *B= 4%? 1R2 1'254�6��<- x0 5 3�� ;�9��� ;�� 9��
3�� ;������ * j0,k0 0���� ;�9 , �� 1R2

0R1 � 0x0y0z0 *7= 4%? 0R1 1�2�4 ,	<* 0x0y0z0

* 1R2 1/2�4'? h0i ;"!�#%$<0'& 4'?(� ;�9��� ;	��9)� h i ;"�*�>-�+�, *���� 4/6)!�#�- �
0'��� ;). *%,�X�; 4/6)!	#%$ 0x0y0z0 0 X�; !	#%$59 � � �
�	��3 -�/10�243 ��, ���#;"- � 
 > �%�65�38@"- � : ;7!�#	$ * +��%? , ��� 9�4%?#-�
 > -

� 3�& -�8�9:� �6� ;�91�;,<��9�3=� ;"�
- � -�>�? @ & -�>�?A%B - � ��CED - � 3'&F B - � G CED - � 3'&

3.3
HJILKJM ) *ONQP

3.3.1 R4SUT4V:WYX[Z]\_^a`�bdcfe
g -�8	9 3)h�i81/2	
�j 0�kE� ;l-�m%
�j 0�n	0�o1p<q * +�;71/2�
�j�91�;,r�

0R1 = Rz,φRy,θRz,ψ (3.25)

3.3.2 stV*u v�w[x�y vlztV:WYX[Z]\d^4`�bdcfe
{�| ,�}�~�� -��=� 0'&	� :+;��%� * , z0 -��:��0���
��:� *��4� z0, y0, x0 -�1 � -�1�2 0���=��� ,;� p��	q ,*�	�"� q ,E� p)q 9'���%� � D 0'�d,��	�6�<�;��� g -�819 3�h�iA1�21
%j80
k*� ;l-�m	
�j 0 � p<��� ���l� � � p<q * +�;�1/2	
�j�91�;,��

0R1 = Rz,φRy,θRx,ψ (3.26)

3.3.3 �a�f�t��`¡ 6�U`�b
¢	£(¤:¥ 3¦� k 3)&[§ � 6�¨<-�1 � - 1/2 �<©6ª 3.2 -�+�,<«�172�q α, β 0 � ; 9 © -�m�
�j
� g -�
�jE« � ;"�

Rk,θ = Rz,αRy,βRz,θRy,−βRz,−α (3.27)

6%¬84 ©
sinα =

ky
√

k2
x + k2

y

sinβ =
√

k2
x + k2

y

�B-'&1�<-��%� ©� o�®)p(¯�9�4�?±°"²�- @/-�0 @)²�� © � � D��)³1´ « ��µ	¶ 3 �1� ��� ��·
�ED�© ‖k‖ =1 91�;,¹¸%º<0�»±��?�� ; CED 3=� ;7�
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kx

ky

kz

α

β

θ

k

ª 3.2: k ¨ 1 � -�1/2	
�j

3.3.4 � SUT4V���T�� V������
�:5�°��%² -  o=®<p�¯>0�»;²�&	� 9 4'? © n�0�o  o=®<p�¯ (ε ∈ R3, η ∈ R) 0�k*��6A@B-��
�#;��(�7-  o�®�p=¯7&�� � � -�1%2�¨ © 1'2	q -  o%®)p=¯/0�k;��;�9 © ²"!�-�� ��=�# �	� ;7�

ε = ksin
φ

2
(3.28)

η = cos
φ

2
, k ∈ R3, φ ∈ R (3.29)

��6 © 1/2	
�j R �
R =







r11 r12 r13

r21 r22 r23

r31 r32 r33






.

3%$�� D � ;�9�� ©
η = ±1

2

√
1 + r11 + r22 + r33 (3.30)

ε =
1

4η







r32 − r23

r13 − r31

r21 − r12






, (εT ε + η2 = 1). (3.31)

-(+�,�« & ¢ «('*) 3�� ;"�E��6 ©*+ « (ε, η) CED R �
R = (η2 − ‖ε‖2)I + 2εεT + 2ηS(ε) (3.32)

�B-'���5@ ©6 o=®<p(¯ � °l²�� ;)� ©
‖ε‖2 + η2 = 1
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0d

0x0y0z0

0x1y1z1

0R1

ª 3.3: � ��971/2 0��4,�-�m

9��:, ¸	º6��� ;�6�� © � � D���µ�¶ 3 � ���:� � D -*°"²�-  o=®)p(¯B0'kE�>6 @7- ��© '")��
& ¢ 9��;,�®�� � 3��
	*« © &	��� -���%�=� 0�1�� 3�� ;�91�6,��#.���� ;"��� �>-/.;« = 4'?
����� 0����8-(��9��;�>6 © ����3��� � ��9 �)©"! -  o�®)p�¯7&��<0��$#�,79�@ © � � D - 
o�®)p=¯�3)&��±§ � 6 @7- � ¤6¥ 3 �
% 3 ��� �#9��:,)��9'3�� ;7�:� � � ©�� �"�*� 9/1'28- �& 0�'�(54 ��) �$* �ED�� �'i�+ ���  ",�3=� ;��

3.4 -/.1032 (Homogenious Transformation)
4
5 -'!�#	$ -�-�m 0����#;76 ©�8 �B3��*�7?���6�1'2�
%j6¬ ) 3 ���:9 ? ©<; .A- � �>=�� @
��� ��) �$* �;D'� �'�:��� © 0x0y0z0 0 0R1 3�1�2�4 © 0d 3 � �
=�� 4�6)!�#	$ 0x1y1z1 0��
� ;�9 © -1m±§ � 6��<-�!	#%$ 3 -/. 1p � 0x0y0z0 3 �

0p = 0R1
1p + 0d (3.33)

9 � ;��:�>6 © 0x1y1z1 0 1R2 3�1/2 4 © 1d 3 � �
=�� 4/6�!1#	$ 0x2y2z2 0��*�#;�9 © � -�!
#%$A3<&	�±§ � 6 2p � 0x1y1z1 3 �

1p = 1R2
2p + 1d (3.34)

3=� ;"�@?±��? ©
0p = 0R1(

1R2
2p + 1d) + 0d = 0R1

1R2
2p + 0R1

1d + 0d (3.35)

9 � ;7��+��'? © �>-�!	#	$ � 0x0y0z0 « = 4'? 0R1
1R2 -�1/2 0�A 4 © 0R1

1d + 0d - � �
�*�A0 4�6 @7->3�� ;���9��
B C ;7�<4 C 4 © ��C�@") � 1�2%-1m6��6	¬�C'
%jDC�E 3)&���§ � 6
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+(,�« � & ¢ 3 �	� ���6�6�/3 g C�
�j������ ;"�

0H1 =

[

0R1
0d

0 1

]

(3.36)

1H2 =

[

1R2
1d

0 1

]

(3.37)

� � + � ©
0H1

1H2 =

[

0R1
1R2

0R1
1d + 0d

0 1

]

(3.38)

9 �t� © G � C������)�(� © � C�� C����:� £
	 ��&���?6����7�±������<���(������
C6+6,
« © �=��� £�	 ���"C�
�j"C�+6,�«�&%�������<C��	� g -�m%
�j��������*��� © H � g C6+�,)«
&
��� ©

H =

[

R d

0 1

]

(3.39)

R ���� �
�j��=��	��� CED�© H C + 
�j � g C�+�,'« & ¢ «('*)�§ � !�
H−1 =

[

RT −RTd

0 1

]

(3.40)

�<C'
	j � !�#	$#"%$���&��%&(��'����� D � �� ©�(�) 
	j*�)�65�+=,�« ¤6¥ 3 �DC�-1m+�'&
�%&6�
������ D � ,�-� C � ©�. C ¤;¥ 3¦�6��/ g�0 �(��<C=« B ��& © H � ° g C�1��	
�j
����<C2����C��%��� � E3��'*)
��	�����'�=��4(�%�6�6�5� © p « B �5& g C P �'��� ©

P :=

[

p

1

]

(3.41)

� � � . ( / g20=¤�¥ 3 � ) �'&-�,&(��'� ����6�(�<C(+�,�«5���� © 8 ��� (5) 
%j:«�7��%&'�
�8&����=����� ©>� � � (�) ���1.=«�&������ © -1m���
%j�C�E��'�%&%& ¢ «�&1������	+=,�«�4
6�;�<C'
%j H �'(�) 
%j"C�����9%�':���+(,'« ©�;%�[� /=< � C%>�?:����������1«A@�B��3!�

3.5 CEDEF NQP G%HJI KMLMNONQP
[ O B'P 
�j ]

g C5Q�R���S+����
�j�� O B�P 
�j��������
ST + S = 0 → sij = − sji (3.42)

S � 3 × 3 �=������ © g C�+(,�«�&	����	�����'�=��T�

S =







0 −s1 s2

s1 0 −s3

−s2 s3 0






(3.43)
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��� © S ��/ g20�¤:¥ 3¦� a �  o=®	¯�o�0���§ � �.(« � g C�+�,�«l&	����T�

S(a) :=







0 −az ay

az 0 −ax

−ay ax 0






, a :=







ax

ay

az






(3.44)

�>C S(a) ��k*�
'� a � b C�	@E a × b � g C�+�,�«"&	�+�=��T�

a × b =







0 −az ay

az 0 −ax

−ay ax 0






b = S(a)b (3.45)

²�� � © S(a) � a× C�
�j	&1�������
	���)�'����T�

3.5.1 R(θ) � θ �������
	��������W����������7u
(�) 
	j��  o�®)p(¯ θ �l»:²�. © �<C θ C�����- �*« B �%&"!%j�C�- �
# ! ,!4� C ����&"$
+�, � 8�© R #��� �!�j����� CED

R(θ)RT (θ) = I (3.46)

� � � θ �&%('3�����-�5& ©
dR

dθ
RT + R

dRT

dθ
= 0 (3.47)

8�©
S :=

dR

dθ
RT (3.48)

�*)�+���'� ©
S + ST = 0 (3.49)

�=��	���,#@B C T�E��� © �<C S ��k*��&
dR

dθ
= SR (3.50)

�.- ) T�;��� © θ #%.0/�C�721��=��).(« 3 ©
dR

dt
=

∂R

∂θ

dθ

dt
= S

dθ

dt
R (3.51)

�84 � © S dθ
dt � ω× �%����

dR

dt
= ω × R (3.52)

��4 � © �� �4'7 # R�#24 C � !�(�<C ω � R C1. /<- �E« B�5 �%��607�8(9;:�<>=#���:, �(�<C
7 # + � © �(?%!	#	$3�A@(BDC�« (8) ������ ©0EGF �(?	!	#%$�«�4+(H����*IKJ;§ � T� � ���
���
�ML�� © H �ON � ©@;�. ��P2Q*« (8) ��.R(S(T 0R1 �2U��[§ � � ¤:¥�V � 1r C 0x0y0z0

� C�W0/"���D3
d 0r

dt
=

d 0R1
1r

dt
= ω × 0r + 0R1

1ṙ (3.53)



24 � 3 � ��� C����*�
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������� 9��
	 � �'7 # # 4�� � T� L�� © ��CA)�+� 	 J 	 ��4 N ��« ©

ω1 × +ω2× = (ω1 + ω2)× (3.54)

����T�
H�C N �'«*)0+;§ � ��q���� ¤�¥�V �;3 ¤�¥�V �>%����
 C�� ©�� <$C ¤�¥ V �������;«�� ©��%©

����o�p�� © R S � m
#,)�+*§ � © H � 	 3� "!KC�«,B$#
��»:²������+� © �%� ¤�¥�V �K#'& q��¤�¥�V �(& C W(/A���*���%&")0+*§ � ����C���4$�
C�� © ω C W�/ E��
3 4
5 C(« 3) "!KC'48B�#
�'»��'4���C2��@�B
��T��� q%�"� ¤:¥�V ��C�W0/�E����,1%*DC�«�'*)
��(H���« N � © q����+�, ¢�£ �
�%-�� ¤6¥�V �K3�'")��3�H'�"32��.�6�����+� © � � 	 C  �/*« 3 ! C�0%1�� (�) «�k
��<C%�+�����32�43�'»��'4��2��� ©  �!KC�4�B�#�#�4���C��$��T� �

3.5.2 `�bdcae4�6587:9_�6;=<
> B"C@?�²�C ¤:¥�V � a, b «1²���&<	@E-� (8)A� m*«�7��5&�3 g C �� +48QAB
#�4 � ¶ ²5�

R(a × b) = (Ra) × (Rb) (3.55)

H � 3 ©+C�D ��E�C�	�E6² L � © ��p�®+F V #2R�S(T�� �HG &
'")��A&+�7i�+KC=«���C� "!@%
3 �
���84I��H��J� 	 �,�I��T� ( I
J;3 ��� ) H
C�7 # �)kK�
0H���« N � © q"�A� ¤;¥�V ��C"R(S
� m C�B�# ; q%�"� ¤:¥�V �$C ¤:¥�V �*���5&�C)LMJN3�)O
� H��"#+P"Q��$��!� � H>C�7 # RK3
��� C����+�5>"R��� ���+S-� �@ +4�R
��������$-�&��UT�V���4��
��W"X 3�Y G T� �
²�!�C5Q$B���Y G ,����¬+� © S(a) 3 a× C+Z*)"C,!�j0U	�+����,� ( �"[ © a× ��	@E CA!�j

U������5&�k\�
(H��'�]��T� )

RS(a)RT b = R(a×)RT b = (Ra) × (RRT b) = (Ra) × b = S(Ra)b (3.56)

?^1`_>C5QABD3���a"C (8) !�j"C�E-� 	@E"C�b �%c G C�d�e+��k\�2�8� H �ON � ©
RS(a)RT = S(Ra) (3.57)

�A���H��A#�BA��!� H � 3 © a �AR�U � m����)["C 	�ED3 © ���<CAR(S���C 	�E(!�j+��f�g � m
�����<C2�$��(H�����O-�5&�
T� H>C�7 # 3�	@E CA!�j(U1����k\�
�� g C N ��«�4+T�

R(a×)RT = (Ra)×

	@E-�.R(S � m C�b �%c G ���=��� ,Ṙ ��"!�*"5$��Uh�����q��"� ¤:¥�V � ω̃ ��k���& g C N �
« U�� H�����P"Q��$��T�

Ṙ = ω × R = RRTω × R = R(RTω)× = Rω̃×, ω̃ = RTω

H<C ω̃ 3 RTω �$��<C2� ©+(8) �� R(S0T R � ω �AU��8���<C��$��(H��"#��I�+,��i�j"X #
(�) R(S T-��k±« (8) �������«�3KH>C ω̃ ��k\��&$l*��m�n��5>�R��� H��2#��o�5�%p G * ©	}
~���;]q%r { 4 ! �3����� © i"s0+
� 3�t�u(R�S(TI� 	 C��Av�CA>%R3�)w;«.!�4x� C2� © h�iGC(«
3 ω C�����k\��T� � RDC�&A/(� ; '*)"C)y�z(� C'����« ω̃ ��k\�
�H����]��T� �
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3.5.3 �������
	
��� C � � E  -�84+ ©+(8) !�j��@	"CA!�j*«�72��UN�+3��j�-�%&�# 9 �

[ <������������ ] !�j A © B « � �5& © 1%�(!�j AB, ���� 3 BA #")�+��$.���+. ©
tr(AB) = tr(AB) (3.58)

�A��T�+�%¬+� © 1%�(!�j M = [mij ] ∈ Rn×n C V�� p*� tr(M) 3 g C N ��« )�+�§ � !�
tr(M) :=

n
∑

n=1

mii (3.59)

E« © v # n × 1 C ¤:¥�V ���$����]. ©
‖v‖2 = vT v = tr(vT v) = tr(vvT ) (3.60)

#�� ¶ ��T�
[ ���� ����� ] � 9��
	 � � N ��« © 1%�(!�j A, B « � �5& ©

det(AB) = det(A)det(B) (3.61)

#�� � ¶ ²8�
[ ��� ��!#"%$ ]

> B C&!=j M ∈ Cm×n «	²I��& © rank(M) = r � ©#& 1�)�!(j M∗M C�'( **� λ1 ≥ λ2, · · · , λr, λr+1 = 0, · · · , λn = 0 �5�#,� H
C+��. © ���)��*¯ � !�j U ∈
Cm×m, V n×n #A� � ©

M = UΣV ∗, Σ :=























σ1

.

σr

0

.

0























(3.62)

�6�'>��$.�T� H � �A!%j M C����*���>-���H� ���%¬�� © )*�:¯"� !�j*�"3 U∗U = I �
4�*!%j���� � © ∗ 3)k�* ) 	 ����6�DL2� © σi :=

√
λi �$� � © ���*-��� *�� 6�DL�� ©

σ1 ��S�+@��%* (σ̄) © σr ��S(����%* (σ) �������
!�j M #�, !(j C��(�±«�3 © ∗ � ) 	 T « 	 .<m G �"*DN �8� L'� © & ¢ 4 ' ) N � ©
y = Mx, x ∈ Cn, y ∈ Cm �%����]. ©

max
‖x‖≤1

‖y‖ = σ1 (3.63)

�54+T� ( ��%*��'>�«�7��%&�3 �@� C A3 ��� )
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	��������� (Homogenious) � m
§ 	 « © M #�,(!�j"C'��� © g C@? g�� R
�����[§ � ����3��Y G'©

xTMTMx ≤ 1 (3.64)

h�����R(S-�'�5& ©
x = V y (3.65)

4+ y �"4�b����� ©
xTMTMx = yTΣ2y ≤ 1 (3.66)

�84 � © ¤:¥�V � y C
	� �/�� yi �A���� © H>C��� 3
n
∑

i=1

σ2
i y

2
i ≤ 1 (3.67)

�84+6��H>C����D3 © V C
	%j��)w�¨���� ©���� # 1/σi �84+���� � C
���(���%������!�
[ ���������#� 9K: < = ��!�"�#%$ ] & ' V)( x = [x1, · · · , xn]T ∈ Rn � 	 ,01�*+*$C'7&1 f(x)

C &+' V)( x , N *�����
∂f(x)

∂x
:=

[

∂f(x)

∂x11
, · · · ,

∂f(x)

∂xn

]

(3.68)

, N.- )�+���T� H0/ N.-21 M � � P !�3��%�3�� 1
1

2

∂xTMx

∂x
= xTM (3.69)

# � -54+6 �DL�� 1�7 1��
8 ,09�: ���<;�= ∂f(x)
∂xT �.-?>2@�A-�J��T�
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���

A1. R(a × b) = (Ra) × (Rb) ;��KJ
R ∈ SO(3) =�Y G & 1 R =�/ 6 ;
8 &+' V)( r1, r2, r3 � 	
	 ; N � , 4H-�&����������

R =
[

r1 r2 r3

]

, ri ∈ R3 (i = 1, 2, 3)

H�;�W 1 	 ;5Q
R;# � -54+6 �
r1 × r2 = r3

H0/ =)O������ , 1 r1, r2, r3 =���/���/ 1

r1 = [r1x, r1y, r1z ]
T , r2 = [r2x, r2y, r2z ]

T , r3 = [r3x, r3y, r3z ]
T ,

������ R 3 SO(3) ;��A/��$���<;�� 1 	 ;5Q
R;# � -54 6 �
RT = R−1

� !�3.;! �R N.-
R−1 =

Adj(R)T

detR
= Adj(R)T

�"#�
��$%[.;&%"B��03 1 detR = 1 =�'o�(������)�* 1 Adj(R) 3 R ;�+-,�. !�3 = U��!� N -&/ 1

R = Adj(R)

# � -54+6 � H0H0� 1

Adj(R) =







∆11 −∆12 ∆13

−∆21 ∆22 −∆23

∆31 −∆32 ∆33







����� 1

r3 =







∆13

−∆23

∆33







0"-��� H(H0� ∆i3(i = 1, 2, 3) =!1�2�����






∆13

−∆23

∆33






=







r1yr2z − r1zr2y

−(r1xr3z − r1zr2x)

r1xr2y − r1yr2x






=







0 −r1z r1y

r1z 0 −r1x

−r1y r1x 0













r2x

r2y

r2z






= r1 × r2

0" - 1 r3 = r1 × r2 0"-3!/���0H�"#(4��-����5�67+�)� , *�/ 1 r2 × r3 = r1, r3 × r1 = r2

;�%�B#8 � - 4 6 H��8!9�:;��.#�
��<�=�>�3;? SO(3) ;���/#�A��� ;@� 1 i, j,k =BA�C�D�E(R�S
T ;!<�= & ' V)( 1+6 L - 1

i = [1, 0, 0]T , j = [0, 1, 0]T ,k = [0, 0, 1]T ,
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	��������� (Homogenious) ���

B� �� r1 = i, r2 = j, r3 = k �*�/ i× j = k, j × k = i,k × i = j 8 � -54+6�� 08 4I�-��� �� � 1 ? 6 ; &+' V)( a, b =
a =







ax

ay

az






, b =







bx

by

bz







�*!/ 1 R(a × b)  (Ra) × (Rb) =�,�� , 1�2 * 1 ��/ 	 80% *�� � �=)O��(� R(a × b) =�� �� , 1�2����� 1
R(axi + ayj + azk) × (bxi + byj + bzk)

= R(axi× +ayj × +azk×)(bxi + byj + bzk)

!" ��� ��� � 1 (u + v)× = u × +v × (u, v ∈ R3) ;�� 7 =!'\���0� >�� ; u, v ∈ R3 ,�� *�/ 1
u × v = −v × u, u× u = 0 8 � -54+6�� � 1 i × j = k, j × k = i,k × i = j ;�� 7 =!'\� / 1 5� ;0D�� =��! �����

R(axi + ayj + azk) × (bxi + byj + bzk)

= R(aybzj × k + bybzk × j + ...)

= R(aybzi− bybzi + ...)

= R((aybz − bybz)i + (azby − aybz)j + (axby − aybx)k)

= (aybz − bybz)r1 + (azby − aybz)r2 + (axby − aybx)r3

!"-����"$# 1
Ra = axr1 + ayr2 + azr3, Rb = bxr1 + byr2 + bzr3

����� �  ,&% � * 1 r1 × r2 = r3, r2 × r3 = r1, r3 × r1 = r2 ;�N�'.=!')( / (Ra) × (Rb) ="�)�
, 1�2����� 1

(Ra) × (Rb) = (aybz − bybz)r1 + (azby − aybz)r2 + (axby − aybx)r3

!" - 1 R(a × b) , % *�( � 08$*�+-���
[Q.E.D]

A2. R(t) ∈ SO(3) 8-,�.�/�4�0"Q��21#��3 1 det(R(t)) = 1 �21#��� 6�4 -21 D�E$5$6$7 ?&8�E
5�6�7 , ?
9;:�+�"�<�= ,2> 3!/ ?
"@?;A&B � � (?��2C�"�(��
[ D�E � "0��F ]

R(t) 8�3$G-/�4�0$H-"�3 1 ��;�3�G-/�4-? 	 ; >�I�,&J A0/ ���
Ṙ(t) = ω(t) × R(t)

��)-* 1 ω× ?
K�L+; >�I "-M�N�O�>�3��

ω× =







0 −ωz ωy

ωz 0 −ωx

−ωy ωx 0
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�
det(R(t)) = 1 ;�3 1 d/dtdet(R(t)) = 0 �21�� � <=�� * 1�� , det(R(t)) = 1 �21#� � <=� > � R(t + dt) = � � � , 1�2����� 1

R(t + dt) ≈ R(t) + ω × R(t)dt = (I + ω × dt)R(t)

0"-�����73!/ 1

det(R(t + dt)) ≈ det(I + ω × dt)det(R(t)) = det((I + ω×))

0"-��� �$� �
� � � , det(I + ω × dt) =!1�2����� 1
∣

∣

∣

∣

∣

∣

∣







1 −ωzdt ωydt

ωzdt 1 −ωxdt

−ωydt ωxdt 1







∣

∣

∣

∣

∣

∣

∣

= 1 − ωxωyωzdt3 + ωxωyωzdt3 + ω2
ydt2 + ω2

xdt2 + ω2
zdt2

> 3!/ 1
d

dt
det(R(t)) = lim

dt→

det(R(t + dt)) − det(R(t))

dt
= lim
dt→0

1 + (ω2
y + ω2

x + ω2
z)dt2 − 1

dt
= 0

0" - 1 det(R(t)) = 1 �21�� � 08(4!+;��� ( 4�.;8 dt ;	� 	 �21�� � 08�
����� .)

[  
� =�� 3(��#�� ]

"�� ;�>�3 , N *�/ 1 	 ;�� 7 8�� -54+6�� �8�� : /�/�(����
d

dt
det(M(t)) = Tr{dM

dt
AdjT (M(t))}

��)-* 1 Tr() ?!>�3.;&N������.;�� =��;����� �"!���#�2���1�����$ ,�% ')(�� >�I�,
Adj(R(t)) = R(t)

�21��<;�� 1 M(t) = R(t) �*�/
d

dt
det(R(t)) = Tr{ω × RRT} = Trω× = 0

0" - 1 R(t)=1 �21�� � 08(4!+-���
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	��������� (Homogenious) ���

A3. ����� 4�� ;��;��#�
<.;���� 1 M ∈ Rn×m =
	������

MTM

? N�O�>�3�� 1����� ��1���;@� 1���� � ?���� K�5�� 1�� � "�� ��� � ; ��� & ' � ( ? D >7* 14 � 1���� � 8���� % ; ��� & ' � ( 8 D >���� >�I
, ��: �"! � 3�/ 1$# /%; ��� � ? D > ���
>�I�,
� : �&% � � 3!/ 1 MTM ; ��� � 1���� &+' � ( = λi(λ1 ≥ ... ≥ λm ≥ 0), vi ����� 1

MTMvi = λivi (i = 1, · · · , m)

� 1
λi ≥ 0, vTi vj = 0 (i 6= j)

��1���� � / > - 1

MTM [v1, · · · , vm] = [v1, · · · , vm]

















λ1 . . . 0

0 . . . 0

0 . λr . 0

0 . . 0 .

0 . . . 0

















!"-���-��)-* 1 r ? M ;�'�(#�21����

T := [v1, · · · , vm], Λ :=

















λ1 . . . 0

0 . . . 0

0 . λr . 0

0 . . 0 .

0 . . . 0

















B����
MTMT = TΛ

> - 1
MTM = TΛT−1

!"-��� ��� � 1

U := T







1
||v1||

. 0

0 . 0

0 . 1
||vm||







B���� U ? D >�>�370" - 1
MTM = UΛUT

!"-��� ��� �
F := MU

 �*) ���� 1
F TF = Λ
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��)-* 1
F := [f1, · · · , fr, 0, · · · , 0] ∈ Rn×m

0"-��� �$� � vi =��-��/ 	 ; >�I�,�� ���
vi :=

fi√
λi

(i = 1, .., r)

� 1 vj(j = r + 1, · · · , n) ? v1, · · · , vr , ?�� 4 ���)( ,�D >#��� >�I�,�� ��� � / > - F ?

[f1, · · · , fm] = [v1, · · · , vr, vr+1, · · · , vn]























√
λ1

· · · √
λr

0

· · ·
0























=: V Σ

 J A0/ � � > 3!/ 1
F = MU = V Σ

�21��<;�� 1
M = V ΣUT

0"-��� � / > - 1 M ; ����� ? MMT ; ��� � ;����(��"�( % ;�;���#
	;� 1

σi =
√

λi (i = 1, · · · , r)

�21�� �  % 4!+-���

A4. � ��"!
������!� ,2> � J
� 5.; ����� ;�<��� 6 ;$<�=��+= a = [α, β, γ] �*�/ 1 �%;�3�G-/�47 %�� " ���
�� ' � ( ω ;�� 7 ?
ω = Jaȧ, Ja ∈ R3×3

� J
� ��C���� *�+�* 1 � 6 ;�<-=��+=0')(�� % ;�� ? Ja 8
�
>�3.=�� ��" > "-���� ( J
� 5

; ��� �� ) 8"!�#"$&% *�/�* 4 I � � /�? 1('*)&+�,.-(/ ; >�I�0�1 � ;$<-=+= ��� >�I "�N.2
;��� ;06�3 0 ?�4 A("�(��
"$# 1 � �� !
������!��=�')(��
@�A 0 ?

[

ε̇

η̇

]

=
1

2

[

(ηI − ε×)

−εT

]

ω =:
1

2
JEω

@( I � 7 8��65 48701 � ; � ;�� 7 8 	 ; >�I90 !�#�$&%������
ω = 2JTE

[

ε̇

η̇

]

: � 1 2JTE1/2JE = I ? εεT − ε × ε× = ||ε||2I > 5 � < 0 ��� � 08��2C#���
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�
4 � � � � � � � � 	 


5�6$7�� J��� ����#�2�E�� 0�� ((/�?�� � ���7*�� 3 : ���@��� �$� ��? ����� � ��!�� ��=!  �� #" J�� ��$ #�� 0�� ((/�	 �%$
��C � ��?&� � <��(' 0 *) �  � 8 D�+ � 0-, ! A(.#/
�����	� ��!�� 0�� (0/0��1�	 �-�
��>32 %4�"-5�6�7 8�9�2  4 / : "9� 3;/ % ��?�	 ��9�(-<4 /���= >) ���� ?�?�� >�I 9;�

<-=�@��$A) ��
D �B@��$A) ����C%D �-EGF��(6
3-8�" � � � ( C 6&3*H�IJ$ % ��"
	 �#$K< : � 0�L !NM � 0 : �;A&.>$
��O P /�?���Q %�R�S�E�9�T��&U3�V�0Q�W �X"9� 3�Y�(%$ % � % $
%#Z�$!8�� � . :�?-[�\ � 9�X) �

 � 8 D�+ � 0 RA]&Y : � A�.0Y!(#$ % �  1%9BZ �  80H�IJ$�� C � ��� C �0E��-?�"�� � 9
*) �  � 0 4B^ C C#$_< � . 0 �A]-Y���X) �  � 0 ? D . 0 NB` P /A2  4 8�a#bBZX$ % � 
	��-� A) � ��c� i d>e�0 ?f2 %4 i 8�N `GZ*$ % �  Z*$g<
4.1 hjilkjm
5 C 3 : / >!I�0 A) �  �n� � ? " � � : ( C 6&3*H-Io$ � �0 9X$(8�� � . :;� � "�<
=@ � D ��@ 0�> : # i dfe � % � " qi

C J
� Z>$g< p���� q-?�� n r �A2 %4 ( "�� 0 ? n ?�s )

+ :-9G$ qi (i = 1, · · · , n) � � 0 N P Y;��E�$���= !ut �� 8�T�� >�I�0 9�$-+�"�v � Z�$ �  C
1#$_< qi "@�&O$5�6 _w ((� E�$��(x y 0 4 P /�5@6 C � J�z "(x y�5�6  ( I <��A]-Y��;p$���q�{��&O$5�6  x�y�5�6�� ��� C 1#$_<%/�|��@" � 0 {-x�y�5�6�{�}0~�� � 5�6�7��-� !  4#� 9
�� �� � ( ��� �"!��G9�T )

C J A-.>$��;�*� � C {��� #{��� �� + "
	��0$ % �  Z*$g<=�2  4�{B��� C 1#$  	 �%$;� C � D ���-�X�(� !  �. 0" J�� Z�$�/ � 0 D .0��.G�>2  4
i 0&� 5�a (�/
5$6�7 Oi "
	��#$g< 4 /������X� ��� ! � {&��� 0 � � A-.0Y!(0$  P Y��B���" J Z��  5@6$7X" O0  P Y�	 �(�B��N�5$6 4 / {�� !���5$6 ���� < 4 /���� �32 %4 � 4 5
n d>e �>2 �4��0�  "�����$��*2 �4 4 /B{���� ����� (End-Effector) -��� <�=��*) �  ��{� �G� 0 D �B�X) �  ��� � { � � ���>2 �4 0 N P Y � N�� 0 v 4 $_<;  ��¡��2<�=��*) �  ��(¢ £ 0 {����A2 �4B��1#$¥¤�¦ 5_�$<�=B§  9�$_<"�f]�Y&�G�>) �  � i � � � �B¨ Z�$B� (0
> ]&Y���2 %4 i " J Z 5$6�7�{ qi " � (  Z*$$��? �B© � +

Ai(qi) := H(qi) =

[

i−1Ri
i−1di

0 1

]

(4.1)

0�> ]&Y J A-.f$ � �0 9�$g< ( 2 04�G � N � ¨ " J Z �$3 ��© � + {�ªB«�� 0 A "�^*¬G$g< )

�f](Y;�2 �4 j �-®�6$7�"A2  4 i (j > i) ��®�6�7 C J
� P / % �B{&��=�2 %4�� ��© � � N
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� �B©
��© C�� $�� �> 5

iTj := AiAi+1 · · ·Aj =

[

iRj
idj

0 1

]

(4.2)

0�> ]&Y J A-.>$g<A��� iT j " �B© � +f���� < % 7��
	 ��� � ��� � > 5 �
iTi = I4 (4.3)

jTi = ( iTj)
−1 (j > i) (4.4)C� $g<��B/�� iTj �����#{��

iRj = iRi+1 · · · j−1Rj (4.5)

idj = idj−1 + iRj−1
j−1dj (4.6)

�� �(�  �%H-IJ$g<>��� �B© � + � J
� "&^*¬0$  � � 	 ��YG¬0$gp�����q������X{
0Tn(q1, · · · , qn) (4.7)

"��#�0$����  9G$¥<%�B� C � 0Tn �9�� ;� + "-ª�« 0 P /��#]gY&��?G� >2I�0 J�z Z�$��G� � $¥<
0Rn = [n|s|a] (4.8)

�-.�{�� a ����0 �������B�*" E�� (approach) ZA$ ����0�� 5 � s { D �� !9 : 5 (sliding) �!�
0 � $¥¢�£���UX¬#" : C�� $g<
4.1.1 DH(Denavit-Hartenberg) $&%('� � 0 Ai {&� ! � �B¨� �� #� ��¨ " J Zs r �����.��!���"�) � Z�.#¡+*�,�H-I�$��  {��
� C+- /&<���� C {&��®�6�7�� � 5 � "�.�/�ZX$�� (0�> 5 ���.��!��;"10 r 0�2 :gZ��  � C C$B�  "��0Z�<A���30 ��0�2 : P /
�����! � 0�> ]&Y Ai " J
� Z*$��  " DH J%z �  ¬ ¬��?�� >�I�0 *�,0Z*$g<

Ai = Rotz,θi
Transz,di

Transx,ai
Rotx,αi

=













cθi
−sθi

cαi
sθi

sαi
aicθi

sθi
cθi

cαi
−cθi

sαi
aisθi

0 sαi
cαi

di

0 0 0 1













(4.9)

��� C � Transa,b {�) � A-.G/ a �4��0 b |�5 9�687 �%Z*$��  "�9;: P YG¬#$g<A��� >�I�0&J
� P /�<#� D .#��.�� ������!��{���2 �4 i 0#= P Y�?�� >�I�0;� ¡�.*$g<

������!� ��>
?
θi <-=��
di �4@
A � �
ai B A
αi C �K.��
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x0

y0

z0

θ

α

d

a

i1

k0

x1

y1

z1

O0

O1

�
4.1: DH J%z ����������!��

? 0 � $V[ � "���5#$B� �0�> ](Y�®�6$7�� ��© �30 � ���.��!�� 0�> ]-Y J�� C C#$B�  "��D I < D ��/�� 0 � 4.1 0 � A-.>$ � � �&®$6�7 O0  O1 "
	��0$g<A� � C � ?�� � � �-[ � "
� � Z*$g<
DH1 ¤ x1 { z0 ¤ 0���D C�� $g<
DH2 ¤ x1 { z0 ¤ ���� $g<
���-[ � �-L C � ®	��
X� ��© � + � 0 � ���.����!��"&^*¬�Y��

A = Rotz,θTransz,dTransx,aRotx,α (4.10)

 J A-.>$B�  "�� D I < ��? �B© � + A {
A =

[

R d

0 1

]

, R := [r1|r2|r3] (4.11)

 J A-.>$g< DH1 � 0�� ¬�Y�	��0$  � x1 { r1
C�� $+" :¥� z0 � ��� k0 = [0, 0, 1]T  r1 � D

� P Y#¬0$��  "�9;: P YG¬0$_<>�-. > 5 � r13 {�� � C 95�.G¡�9 :-9#¬%�  ��4"G$g<>�-. >
5 � R ��<�=B� + C� $�/B����=��	�G{ + �������0Q�����{�� C�� $�"�� 4#� 9��.�.��!�� θ, α "^*¬�Y�?�� >�I�0&J
� A-.>$g<

R =







cθ ∗ ∗
sθ ∗ ∗
0 sα cα






(4.12)

�B/�� R ����� + � D .*Q��G��= ! C�� $�� �> 5 � ∗ �;?�� >�I�0 ���#$¥<
R =







cθ −sθcα sθsα

sθ cθcα −cθsα

0 sα cα






= Rotz,θRotx,α (4.13)
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Linki

Jointi

zi−1

di

ai

Oi−1

Oi

zi

xi

yi

Linki−1

yi−1

θi

αi

�
4.2: 2 %4 i − 1  2 %4 i G%� DH ������!���������
9;:

��/�� 9�6�� � 0#= P Y%{�� � > 5
0d1 = dk0 + aRi1 = dk0 + ar1 =







acθ

asθ

d






(4.14)

 9 5 � Ai  � � J
�� 9�$g<����������!��"�^X¬�Y�� n 2 �4����
	�����!����p8���Bq�" z 3�HKIJ$_<#/B| P �X�;�(¢�£
$������{�?�� % �  9�$g<
DH1 ¤ xi { zi−1 ¤ 0���D C�� $g<
DH2 ¤ xi { zi−1 ¤ �� � $g<
/�| P �A��� J%z � C { �A) � �� i ���-=�¤  ®	��
 Oi �&®	� ¤  { � � 0 � ?�B�#����A) �
 � i + 1 ¤�� 0 $
%GZ*$��  0 9�$_<��B/�� qi { �>) � ��c�&@ 02> ]&Y;?�� >�I�0 9 5 �

�A) � ��c�&@ qi 0 N `GZ�$ � (
��� @ θi

D ��@ diD � � {�� zi−1 ¤ ¦ 5g�(§ 0 9�$_<��B����9� X"���Z;' 0 � � 4.2
C J�� .*$�2 �4 i  2 %4

i + 1 "�	��#$K<>����2 %4�
X{f2 #4 i − 1  2 04 i ��G��������A) � �� 0�� ]&Y#� £ � .Y#¬0$_< �"##�*) �  � i � � ���� ���.0 zi−1 "  $_<B® ��
 Oi−1 ���*) �  � i � 0 � � �
I 0�� �g.%YG¬0$  ZX$g< ( 2 %4 i �����  ��� 0 � �g� (0�� 9 ) ��� DH1  ��� DH2 � 5 �
xi { zi−1  zi ����� �� 0 9 �-9�5;.#¡B9���90¬�/���� xi � �4�� ® � 
 Oi � � � ��I90 v��$_<A�-. 0!� ]&Y�� DH J%z � C �����.��!��{ � � 0 � � .>$ �J 9�$g<
K���{�� zi−1  zi �@G 0 ��� �� � � .>$¥¢�£ 0 {�4 ^ C!" $&�;� � �X�K¢�£ 0 {��� �� �

$
% P 9#¬K¢�£ % $&%#Z*$g< � �X�-¢�£X"(5*��/f2 %4-®	� 
X��� � "&? 0 ��# P Y�$ � <
1. �A) � �� i � � � ����0 zi−1 " � � Z*$g<
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a2

z0

z0

y0

x1y1

z1 z2

x2

y2

a1

�
4.3: ��� �B2  4 ��� 	 ���"!����p�����q

2. � ! ��®	��
X� � � " z0 ����4G��9�� 0 � $g<
3. zi−1  zi ����� �� " � � ¢%£ 0 {�� zi ¤�� 0 Oi " � $g< zi−1  zi � ��� Z>$�9 �¥� �
� 0 Oi "  5 � zi−1  zi �����X�(¢�£ 0 { Oi "B�>) � �� i ¤���� 4G��9  � � 0�� $g<

4. xi " Oi "� 5 � zi−1  zi ��� �80����A 9�$ �!I�0�� $g< % P � zi−1  zi � ��� Z*$�9
� � zi−1  zi ��9�Z ��� 0���� 0�� $g<

5. =�®	��
��
	�� ®	��
  9�$ ��I�0 yi "�� � Z*$_<
6. kn �&��� ���B����� ��4� � jn �� : 5 �4�� 9G$ ��� 0 9�$ ��� 0 � � P � On {�������#��� 0 ! � <��B/�� yn {�	�� ®	��
  9�$ ����0 � � Z*$_<
7. � � � .G/�®	��
4" � DH ���.��!��"&v � ZX$g<A���#<����A) � �� i ������@�9 �¥� θi� � ( 0 � � ��@�9 � di � � ( 0 9�$��  0�� 90Z*$g<
8. DH ������!�
" � Ai "�*�,0Z*$g<
9. A1 · · ·An "�*�, P � 0Tn "���$g<

4.1.2 ����������� �"!$#&%('*),+.-
/ � � 4.3 � ��� 9,0B221%4B��354�221%4 ��� 	 �56
7�8�"�9;:0$g<< 7 �;® ��
*" � � ���>=G $  �5? © � + ">@�A = Z*$_' = d1 = 0 2B#��� �DC�¬ � C O1��� ! �;vFE � .*$g<��B/�� O2 {��57 ���>GDH =JI $¥' = � � ����= vFE#Z*$¥<A�-. ��� =>K "
�¥�A����� � 	 �56L7�8�� DH MON�P 7�8�{�?�� ����= 9�$g<
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4.1: 354 ��� 	 �56L7�8�� DH MON�P 7�8
Link No. ai αi di θi

1 a1 0 0 *

2 a2 0 0 *

�-. ��� ��? © � + {
A1 =













c1 −s1 0 a1c1

s1 c1 0 a1s1

0 0 1 0

0 0 0 1













(4.15)

A2 =













c2 −s2 0 a2c2

s2 c2 0 a2s2

0 0 1 0

0 0 0 1













(4.16)

(4.17)

 9�$�� C � ��G��#��? © � + 0T2 { � S � ����=
	 �#$_<
0T2 = A1A2 =













c12 −s12 0 a1c1 + a2c12

s12 c12 0 a1s1 + a2s12

0 0 1 0

0 0 0 1













(4.18)

4.2
��������

/ ��� �
	��F6>7�8 �7 ������� =�� ]�Y%¬0$Vx y���� C� $���� � 4.4 � ����=-, ! � .%YG¬$  Z�$_<#�B� C � Cart {&����® � 
 C � P / 7 �����KE%F#" � Z���?5? © � + C � Work { Cart® � 
 C � P / ���KE�FG" � P /���?F? © � + C� $V<��/�� Base {��!��® �	
 C � P /�� �
	��
6�7�8�� < 7�� �-� ! �"�# " � Z$�&?B®	��? © � Manipulator { < 7���®	�	
 C � P /����
	��
6�7O8��-�5G��(E%FG" � Z��&?B® ��? © C�� $_<���� �O� 9 =�K = � $�;��� �
	 ��6
7O8��-�5G® � 
 C � P /%�X�&®	��
��XT�� ����= - :0$+"%"�9;:�Y - ��� < ( � � � � ��G =JI&� a�5 /�®
� 
 C �-������®	� 
�� �(' "��f$��  < )

/ �-.G" ∆Work  � Z  ZX$  ��?�� =�K � ) �+*/B95;.G¡�9 ��9#¬%�  ��4"�$g<
CartWork = BaseManipulator∆Work (4.19)

�;� �O� 9 ��,�- "�? ©���,�-X ¬ � < D .0��.G�(��?�® ��? © {��B� + "/. � � C � 	 �#$¥® �
? © {

∆Work = Manipulator−1Base−1CartWork (4.20)
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x

y

z

x0

y0

z0

Base

Cart Work

0Tn

Tool

Manipulator

�
4.4: ��?�? ©��(,$- �-`%^

 ¬ ���O��=�� - � = *�,�ZX$B�  � C�" $_<���� �O��= � ! �"�# � =�K "�@5A = 	 �#$B�  �C!" $��  ����? ®	� ? © ��' P /������ � � C�� $g<
4.3

������

/ � C 9;:�Y " /�p�����q�{ qi = � P Y���GX��� !  "�# ��T�� ����= 9�$+"%"+*�,0Z*$
	��C�� ];/�< P " P �
�;<#�-`0^ C { q̇i = � P Y���G��� 6��������(� � ��T�� ����= 9��+"����
� = 9��V¢�£�� � �¥<X��� ���>? © {������ =�K �(¢�£ ��� 	 @5A =�� � �
	��D6�7�8 t��! �"��
1 � ¬ � 	� C @�A = ��' C!" �g<
4.3.1 ��� �"!$# %�'$#&%('*)+% �
/ � ��G,�>? © �.-/�

0Tn =

[

0Rn
0dn

0 1

]

(4.21)

=!� ]�0 � � �1� ��2 �43A��� ���5� � 6���� 0vn {
0vn = 0ḋn (4.22)

6 � � � �
�(��� 0ωn =#=/7 0%{�8 � ��� � ���
S( 0ωn) = 0Ṙn(

0Rn)
T (4.23)
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=���� 0 	 �!�43 7 " 7 � ��� 6 { q̇i � � =>K � ��� 6 {��#¬�� � ��{��/� ��� � ��' �
	�� 6� �43

0vn = Jv q̇ (4.24)

0ωn = Jω q̇ (4.25)

���,��� � � 0 �
[

0vn
0ωn

]

=

[

Jv

Jω

]

q̇ =: 0Jnq̇ (4.26)

� � 7 � 0Jn ����� 	 �56L7O8� �, +" � 1 ����� 3
4.3.2 ����� )����

DH
����� ��� qi ����� � 6�� �V¢�£ =�� ��� ���� =!� � �(����� i − 1 ®	��
 6 �

i−1ωi = kq̇i (4.27)

= - :+�43�� � 0 � ���%®	��
 6 �
ωi = 0Ri−1

i−1ωi = 0Ri−1
i−1kq̇i = zi−1q̇i (4.28)

� ���43 ��� �(����� � �#� �,���"! � 1�# � �(��� �%$ = ���+" �
0ωn = [ρ0z0 ρ1z1 · · · ρn−1zn−1]q̇ (4.29)

��7 0 � � � � 3'& 7 � ρi � �(! � 1�# i �������(! � 1�# 6� � ¢ £ = � � � �)� � 6 �#¬_¢ £
�+*� ���
	�� 6�� � 3

4.3.3 ,.-/��� )��0�
�"! � 11# i � � ��2 6�� �¥¢�£ =�� �

i−1di = dik + i−1Riaii (4.30)

6� �+" � ,
0dn = 0di + 0Ri

idi+1 + · · · (4.31)

� � �5� qi = di 3�4 �
? ¨�7 �#¬ ��2 � �
0ḋn = ḋi

0Ri−1k = zi−1ḋi (4.32)

� � 0 �
∂ 0ḋn
∂q̇i

= zi−1 (4.33)
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� =�� �+! � 11# i ������2 6�� �¥¢�£ �
0dn = 0di−1 + 0Ri−1

i−1dn (4.34)

6�� �43 / � ��� ��@�A = 2 ��� = 0dk � ok � � 2 � �,� -�� �/��	�� = �,�43
on − oi−1 = 0Ri−1

i−1dn (4.35)

/ � qi � 5B�
? ¨!2 � ��2 � � oi−1,
0Ri−1 � qi �>?�� 6 � �#¬ � 6 � �/� - ��� � 2 � �
0ḋn = 0Ri−1

i−1ḋn (4.36)

��� �43 � �
� i − 1 ®	��
 6
-�� i−1ḋn � k � � ���� 6�� �+" � �
i−1ḋn = q̇ik× i−1dn (4.37)

� � � � �43 � � 0 � � � =>K � (4.35) � =>K �
	X¬ < 7 �&®	��
 = ? ©!2 � � �/� ����= �,�43
0ḋn = 0Ri−1q̇ik× i−1dn

= q̇i(
0Ri−1k) × ( 0Ri−1

i−1dn)

= q̇izi−1 × (on − oi−1) (4.38)

� � 0 �
∂ 0ḋn
∂q̇i

= zi−1 × (on − oi−1) (4.39)

� ���43
�
� ���� ���5�

0Jn = [J1 J2 · · · Jn] (4.40)

��2 � �4� Ji � �"!���1�# i � ����2 6�� �¥¢�£ =��
Ji =

[

zi−1 × (on − oi−1)

zi−1

]

(4.41)

� ���43�� � ��� ��2/�-¢�£ = �
Ji =

[

zi−1

0

]

(4.42)

� ���43

4.3.4 ���������
� ���!=�K �
���!=>K ���&��- � =
	�� ��� ��� 6!" �43 3�� � @5A/� � ���

J := 0Jn (4.43)

ẋ :=

[

0vn
0ωn

]

(4.44)
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��2 �43 ��� ���5� 8��/� =>K �

ẋ = Jq̇ (4.45)

� ���43�� � 0 � � �(�!=>K ��*�, 2 � = � ����-���= � - ��� � 2 ��� ��=!� �
ẍ = Jq̈ + J̇ q̇ (4.46)

�
7 0�� �4�1�43

4.4
���	��
�������������� ����� �"!"#�$&%('&)&*,+

-/.10 #32547698D6
7�8��;:=< �29 :��?>�@ �BA5C = :=< 7 �ED 	� � 25476/8�6
7O8��GFFG,�H � ��"�# 6EI �5�9JLK ���NM 6 � � D 3 JOK ��� �(�1P � �(� � � � =2I �RQTSLU ��0 D �;V�7
8�;W�� =NX=Y!2 � � S 6EI �5�/Z�[1�O= � 25476/8�6
7�8��;\�] = �G^TK�K 6_I � 3 � � 6 �/J
K � = I �RQ`SLU � � V�7O8�;aBW �bA E �
7 0 �Tc �OdOe �G\�]/��	 D �OfbFFG�� H � ��"�# �
:B< 7hg�i �,�bj.�29 :�� 39k ���9l�m � c � "�# 6bn :5fbo�p � 6EI �bj
�J9 :��43 �����Gq5r
2 �
	�� = �/�*0hs.� �ut � � ��	�� �.7 0uv U �+0 D �43

1. w�x�l W
2. y p �/w�x�l W
��� U � -/.L0 # �G\�]/�Bz_{ N 7
�}|�~ 6 q5r 7 dOe �
7 � 	� 6EI � � ����dOe = E_�����

0 D �43

4.4.1 �������
���`K>K d �5�LK � 6 � ����� F�G 6 � ��� � K>K � 3�� �1d1eb�}��� U �1� 3

ẋ = Jq̇ (4.47)

� � 7�� � � 6 � FE� 6 �1�=�;��d��	 K � 6 �1�B�G�1�u� �9��� D ju� 7 D >_@1�G���+��3Ts� � �
n ≥ m, x ∈ Rm, q ∈ Rn

6EI � ��2 �43 ����dT� � n - J �u� � � � �;��� � n - � ���43
� � 6 ���+��|�~ ��� q̇ �b� � � � iG ¢¡1£ �b¤O¥ 6

‖q̇‖ ≤ 1 (4.48)

� D e¦:�§ �b¨ S � �5��� F�� 6 �G©�� �  ¢¡T£ � 6 � � � S ’ ��� D ’ � � \�] � �Nª��+0 D �
� D e«���}���¢¬T D 0 D � 3/©B� � Kb®E¯ dT� � F�� 6 � ẋ �;°B± 2�²bK � 6E³ ©=� q̇ � � ¯ 6´ �;µ ² 3

q̇ = J†ẋ + η (4.49)
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� � 7�� J† ���
	�� n - 6�I � � η � J
³�����E³�����6�I � � ¯ 6 �7� U µ ² 3

J† := JT (JJT )−1 (4.50)

η := (I − J†J)ξ, for ∀ξ ∈ Rm (4.51)

� ³ Ku®�¯�� (4.48) � t���7��
J†T (I − J†J) = 0 (4.52)

³ Ku®���� 	 27²����
‖q̇‖2 = (J†ẋ + η)T (J†ẋ + η) (4.53)

= ‖J†ẋ‖2 + ‖η‖2 (4.54)

³ Ku®�����² 3 D � � ẋ
³���� �u�`� D � �! D=³ 6 � η = 0 ��27²��

‖J†‖2 = ẋT (JJT )−1JJT (JJT )−1 (4.55)

= ẋT (JJT )−1ẋ ≤ 1 (4.56)

� D e ẋ � K 2�²uKG®�¯ �"��U µ ² 3 ��� 6 � ³ ¯#� ẋ � K 27²%$ �!& ¯'� ��� ²
� JJT ��� n
- ��( s�)#* 6 ��� ²
��� (JJ)−1 ³ a�+BM � JJT

³ a�+5M ³ � ���
� ² ³ 6 � � ³ $ �!& ¯ 6 :
§��}µ ² ���T³ �T� � � det(JJT ) �-,!. 27² � � � � ² 3 � � 6 � 2/4�698
�/� � ³�0�1 q

6�³
w�x�l W m(q) �

m(q) :=
√

det(J(q)J(q)T ) =
∏

σi (4.57)

6�2 � 27² 3 � � 7�� σi � J
³ a�+=M 6�I ² 3 � � � ẋT (JJT )−1ẋ

6 ´ �;µ ²4365-7'�bw�x�l�3
5879� D e 3:.��/f �;$/<�=�> ³�?
@ 2/476/8!�:� � ³ >�@7� ���5wBx�l
3'5�7 ³�0�11³�A/B �Ed
²9Ku®���C ??

³ dLeb��� ²8DFE�G���JTK ����:H ²�I_� ³ ©_���/J�K!LNM � I ² >E@�� �"� q=r
K �7�8O�P!Q�R n�S W � � �TG4�

ẋTWẋ ≤ 1 (4.58)

j U?¯ A & � �7�Nµ�fOd D D � � GU� W
³ O�P:V
W ����I�� ©B� �-X � D K �ZY ch�1�/[ M �-\�²4D

4.4.2 ]_^_`������ �
a �Zbb�7�/c w=xBl W��/d � F���b"V�e��}µ ² ©=� ³ � � � ��f��Nµ�g D [ jZh�c D °�i ³ l�m
��j D g�d �b� �#k ³�l l%m�n ��V�e��}µ ��o µ!p!q ³�l l d I � �rV�e��}µ [ D dOe [ ��kE� �
� m I ² >�@ m I ²�D � ³ dOe [�s!t ��j D d � a � ³ w=x=l Wud"v D ²!w
� dNb �N[ D D�o ³ cx � F���b�V�e��}µ ² ©=� ³ � � �/y �¢��f�z ² c x ����� U µZc ³ mby p �uw=x=l �#b I ²�D#w³ |�~#du�/{ ³ E ³ � d � � � F���b"V�e��Nµ ² ©=� m �7� U µZcN|�� ��o µT��O
}Zz ²bK�~ ³ ©
� m�X � D � m d D � D e ���}�7�N¬� D g D ²4D� � m �/� ³�� H
� S � ���:g �
�
X�� � ´ @ dS b ´ �;µ ² ©�� ³ $�� ³���� Mud

Eẋ = P (dS)‖ẋ‖2dS (4.59)
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C 4.5:
?
@ $!<8=�> 254�6B8���� � ³ w�x�l�365-7

�_d`�R��� U µ ²�D c�	 G4� P (dS) d dS �#k�� l l |�
 m ��� U µ ²�y p��B� K� b I ²�D�w µ
dT� ��� ��� ����c#h�cG©�� ³ $�� ³���� M�d

∫ ∫

S

P (dS)‖ẋ‖2dS (4.60)

��[T²�D�G j G4�%w ³ Mud ẋ
³ M��Ed!h-g ANB G g G � e8c x ��� U j ³ ��� B m�� V ��[L²�D%w

w b�d Eẋ = 1 �"[T² d1e [9��� B � ��� ²�D�y p��=� K�� ³�2 ��d`�
∫ ∫

S

P (dS)dS = 1 (4.61)

b I ² j U4� w µ �b��� B ���#[ H1f � w ³ ��� B d ‖ẋ‖=1 ���� � G c E ³ � � G�i [L²�D s� � � ẋ
³ �T� ��dG� G D m"� P (dS) mu�T� D �!w�� b�d ����� � o ³ ©=� m V�e7�}µ ²
���� z

²!w�� �}� G D D
‖ẋ‖2 �8O�}%z ² ©��'d ẋ(JJT )−1ẋ b I ² j U��"! s ³ K/~ �!c D z ² ©�� ³ $ � ³���� M'd

Eq̇S) d
Eq̇(S) =

∫ ∫

S

P (dS)ẋ(JJT )−1ẋdS/n (4.62)

��[T²�D (n b�#Fh�g D ² ³ d � <�=�>$�#m + [T² >_@Zb E ¤�¥ ��( c:H ² c x b I ²�D ) G c m h
g � w ³ M m�X � D Y c W&%udLd D � ��� U µ ² ³ b ��y p(' w�x�l ��d � ³ ¯ b 2 ���;µ ²�D

ms(q) =

{

√

1/Eq̇(S) if det(JJT ) 6= 0

0 if det(JJT ) = 0
(4.63)

w�w b 2 � G c w�x�l � �-����~ ³ w�x�l W ³ K/®��� ² c x � � P (dS) m5A 2�³ >_@ � ����d
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e DE¯ (4.64) � A & G g �

Eq̇(S) =

∫ ∫

S

P (dS)ẋ(JJT )−1ẋdS/n (4.64)

= tr((JJ−1))

∫ ∫

S

P (dS)ẋẋT dS/n (4.65)

�"[T²�D m �!� � H
� �8O G g � P (dS) m9A 2 b ‖ẋ‖ = 1 b I ²����
∫ ∫

S

ẋẋT dS = 1/mI (4.66)

b I ² ³ b �
Eq̇(S) = tr((JJT )−1)/mn (4.67)

�"[T²�D � � JJT m9��� b I ²�� z ²���� JJT
³ a�+=M � ����� h�g

JJT = V Σ2V T (4.68)

b I ²
w���� ��� ²����
tr((JJT )−1) = tr(V Σ−2V T ) = tr(Σ−2V TV ) =

∑ 1

σ2
i

(4.69)

�"[T²�D � c �"! s!b E σi = 0 b I ²��
w ³ M�d ∞ �"[T² ³ b ���	�

ms(q) =







√

mn

1

σ2

i

if det(JJT ) 6= 0

0 if det(JJT ) = 0

(4.70)

��[`²-D w ³ q=r���d��� ?���� w�x�l W ��E�� f5µ ²-D w µ �uw�x�l W � ,�� ²�� √∑σ2
i b

#Fh�g D ²!w��"m + [ h�g D ²!w��"m � j�� �#o ³ c x �����BW�� m + [ h�g�� ²�D
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a � � b
b � -/.L0��
	 � £ ³ K"~ P5� ��o ³ PB©=� m I ² M#b I ²��9� � � -/.10�� ³ F�� m
c ³ d�eb� � l z ² j ³ ��� l����� ����o ³ � ³ ��� l������ �5s D g���� G c D'G j G������
m -/.10��
	 � £ ³ :=< � n [ e >�@ �=A5C 'O�/d ��� d JLK"~ ����� U µ ² � ¡u> k#d ��� b I
² ³ b ��o ³ ��� ��O G g -/.T0�� mLc ³ dOe [� l ��\�² j � v U�[_S µ�f � :B<"! ³ �$#&%(') � n [ e w���m"* � [ D D�+�� b�d ����� j U P5� % PB©=� ³ Kb®u� �7� ² � l �N{ ¯ ³ � * �
s D gu��� ²�D

5.1 ,.-0/2123 465 798;:=<?>&@BA
5.1.1 CEDGFIHKJMLENPO
� C 5.3

³Q�R � ?
@TS � � l z ²u$VU ³ �"W m1, m2 � ��� ²
����w ³ $VU ³ �"W ³YX"Z d $U ³�[$\�³�] (x1, y1), (x2, y2) ��^�_E²
w���` Q h�g o ³�a ' [�b Z � ´ z w��"m b �1²�D�w ³QR `�� ��W�cud�d 7 ³ b Z � ´ z [�\7³�] �fe�g Bh[�\ ��i R D � � � _ g iO² ?�@jSE³ $ �kW!#b�d (x1, y1, x2, y2) m�e$g B�[�\ �"[L²4D ��l�m `�e�g B"[$\�³ \onqp d e ¤Zb�d [Pr � . _�s
m2
³�[�\ d (x, y)

³�t O [$\ b�d [ur � m1 ` O�z ²Vv O [�\ (∆x, ∆y) `-\Mn ��� ! ³ e�g B"[\ � (x1, y1, ∆x, ∆y) `-\ ²
w���E b �1²�D � c ��w [$\ ! � v i�²
w��
E b �1²�D� � ! ³ b Z � ´ z ³ `Ye�g B�[�\ �
G g � (x1, y1, ∆x) � � _ g!R ²
�4��w ³�A � ³x] ��y 2 G
c�	�z:b�d � ! ³ sh{#��e ¤ `Y| 2 z ²Nw���m b �/[ki-D%w ³�Q�R `-��o ³Y}�³Y] ��eU$~ 2 G g
E4� ! ³ b Z m�e ¤ ` ´ ± * � ["i�������o ³ e�g B$[�\ d�� � b�d [hi���i R D8��`8�Ye�g B�[�\³ eU ³�] ` O G g�! ³ b Z m�e ¤ ` 2�� ²
�f����o ³ e�g B"[$\ d�� � bh� ²
��i R Duw ³��k�
b�d � (x1, y1, x2, y2, ∆x, ∆y)

³�] d���� [fe$g B�[$\ bh� ²�D'G m G4��e�g B�[$\ (x1, y1, x2, y2)

� (x1, y1, x2, y2, ∆x, ∆y) ` d�� �N[�v�� W m���� z�� D%��i Rx� d � (x1, y1, x2, y2, ∆x, ∆y) d���%bk�� mf��� bk� n��
∆x = x2 − x1

∆y = y2 − y1� i R A ���`Y���&���%m �� D
��`ZE R�� G����h��� ���h� ���%m�  ��b [�iY¡h¢�£�¤K_ �x¥�¦ U � �kW m ��� � [�iY§ bu¨©Tª�« `Y¬����® g i � � zj��¥ w � ¡k¢�`�e�U � e$g�¯ [�\ d (x1, y1, x2, y2) bk��Y¥�°�mT° �§ � ���£ l

� zj� � �
(x1 − x2)

2 + (y1 − y2)
2 = l2 (5.1)
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m1(x1,y1)

m2
(x2,y2)

x

y

∆x

∆y

θ

�
5.1: ���K�® g���� S £ � l zj�	� �hW

� i R ���%m ���¥ wY® Q n���
�_�s
y1 = y2 ±

√

l2 − (x1 − x2)2 (5.2)�� z w � m b � �x¥ ��� g �"������e$g�¯ [�\ d (x1, x2, y2)
� z�� w � m b � �x¥ � c ��� �e�g�¯ [�\������ p d (x1, y1, θ) bk����¥

w �QR `��"e$g�¯ [�\ m (q1, · · · , qm)
�

m � �� � ���"e$g�¯ [�\ `�� °�g
c1(q1, · · · , qm, t) = 0

·
cr(q1, · · · , qm, t) = 0����� m��Mn � � g i �"| � ci(q1, · · · , qm, t) = 0 £� "!"#�$ ª&% ����� � i R ¥ � �����#m | � t� y'� � � b�d ��i � ° �

C(q1, · · · , qm) :=







c1(q1, · · · , qm)

· · ·
cr(q1, · · · , qm)






, q :=







q1

·
qm






(5.3)

� °"c � ���
Jc :=

∂C

∂q
=







∂c1
∂q1

· · · ∂c1
∂qm

· · ·
∂cr

∂q1
· · · ∂cr

∂qm






(5.4)

�(*) zj� � � rankJc = r
� | �,+ � � (�- ` Q n q1, · · · , qm m�l n = m− r � � ����£ �"� *°-g ��o � � � r � � ����£ � z w � m b � ��¥ � � qn+1 m�l qm £ q1 m�l qn b � z w � ` z��� � qn+1 m�l qm d q1 mTl qn
� �"� ��� � � n � q1 m�l qn mf������� � � ��¥.,/ � 
�0'1� "!*#"$ ª�% ����1 �jlYm 0 ����¥�°�m�° ��� � ! `&2�i�3' "!*#�$ ª&% ����4&5`"  � ��670f^�_ l ® � � 1�8 l ��i ¥
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q̇

∂c
∂q

T

�
5.2: ��� � ����� % ���

� �� �!*#�$ ª�% ����� �
c(q1, · · · , qm) = 0 (5.5)

4 �� ��� � � �	��
�£����0���� ° 3
∂c

∂q1
q̇1 + · · · + ∂c

∂qr
q̇r =

∂c

∂q
q̇ = 0 (5.6)

4��Mnq��U ¥�� ®�1 (q̇1, · · · , q̇m) 4 c(q1, · · · , qm) = 0 0 � �® ����� � ��� % ��� `�� � 3i �
� � £ �k� ° 3i ��¥ (

�
5.2 ��� ) � �QkR � q̇j ` � � � ��� ( ���"��� ) 4��T`Y^j_ l ® � ¡"¢

4 ���¥�� � 
�0��	� � ���"��� ��� 4�^�_ l ® � �"!'( ° QR ¥ U � n �
[(x1 − x2), (y1 − y2),−(x1 − x2),−(y1 − y2)]













ẋ1

ẏ1

ẋ2

ẏ2













= 0 (5.7)

# + � � �%$& �® � ���7��'�( � ��� ��] 1
q̇1 =













x2 − x1

y2 − y1

x2 − x1

y2 − y1













, q̇2 =













y1 − y2

x2 − x1

y1 − y2

x2 − x1













, q̇3 =













y1 − y2

x2 − x1

y2 − y1

x1 − x2













(5.8)

� � �V¥  *!*#�$ ª�% ���74���� � ��m�) R m � i R���� 1 � ® l � q̇ £ � � % �*� �+� �-,�� 4��� � ��m � i R � � `�� ��¥.�	� 0 Li / 0�1 � i R���2�� £
[q̇i, q̇j ] :=

∂qj
∂q

qi −
∂qi
∂q

qj (5.9)

` Q n (�)� � � �43*3 ��] ¢�5 � (i, j) `fU$i�3 [q̇i, q̇j ] = span{q̇i} `�� � 3hi � � ��� Frobenious� (,- ` Q � 3 ∂c
∂q

q̇ £-67� �  �!"#�$ ª�% ��� c(q1, · · · , qm) = 0 4���� � ��¥	8�9 ��§�` Q n ��K�®"3i � ¡"¢"�
[q̇1, q̇2] = 0, [q̇2, q̇3] = 2q̇1, [q̇3, q̇1] = −2q̇2 (5.10)� � n��	:;�£-67� ° 3i ��� � 4<� m���¥
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q̇1 q̇2 q̇3

�
5.3: ��������` � ° 3 $& �® �	���hW � ���

5.1.2 ��� FIH�JMLENPO	�jHKJ L�

�j` N � � �hW�� 4f��� m U � 3��fe$g�¯ [�\ q1 m�l qn ` Q � 3 � �®*3i � ��� ��¥�� ®Q n��� �hW ��X"Z � %�� � ri ∈ R3 1 ri(q1, · · · , qn)(i = 1, · · · , N) ` Q n � �®"3i � ��� ��¥
��� 0 ri

� ��� � � X £Y¤�_�3��� �hW `�� fi 4��Gr ��� � � � � ®T` Q ����� � �$¯��71
δW =

∑

i

fTi δri (5.11)

� � ��¥ � ��� 4f�
δri =

n
∑

j=1

∂ri
∂qj

δqj (5.12)

0 ���m�l �
δW =

∑

i

fTi

n
∑

j=1

∂ri
∂qj

δqj =
n
∑

j=1

∑

i

fTi
∂ri
∂qj

δqj (5.13)

� � ��¥��	� 0��
Fj :=

N
∑

i=1

fTi
∂ri
∂qj

(5.14)

�+� � � �
δW =

n
∑

j=1

Fjδj (5.15)

� � ��¥ � � Fj £ [�\ qj ` � � � e$g�¯�� � i R ¥ 
�_�s�� qj 4����T£ ��� ¡"¢j` 1 Fj 1���`
��n�� qj 4��� � ¡"¢�`�1 Fj 1 � � % � � ��¥��	� 0�� Fj 4�!#"�$&%70 ���� � `�' � � ��¥
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5.2 Hamilton ����� 4 Lagrange ���	��
���
5.2.1 ����������� 

e$g�¯ [$\ q ` � ° 3�� � f 4

f = −
(

∂U(q)

∂q

)T

, U(q) ∈ R (5.16)

0 � Y® � � ��� f £��������! � � � i$i�� U(q) £"���#�"�! � �%$ � i R ¥ ���&�"�� � U(q)��} 1 ��mTl � m�� QR `��('*) �%+-, ` Q l/.1032 � q
���k� � $ 0 ���¥

5.2.2 Hamilton 465�7
8�9�: � � � � �<;(= Q n�� �hW � '�(�p�� � 1

fi + fij −
d

dt
pi = 0, pi := mi

d

dt
ri(i, j = 1, · · · , N) (5.17)

0 ���¥ �3> ° � fij 1 �hW i 4�� � �hWm�l@?Tz� �"����0 ���¥ e$g�`��"e$g�¯ [�\ `  �!"#
$ ª�% ����4 �� � � � � N � � '�(�p�� � 1f����0 ���¥ � � ���-Aj£��%B � � �&Ch`��	� �D � £�¤�_ ��¥

N
∑

i=1

(fi + fij −
d

dt
pi)

T δri =

N
∑

i=1

(fi + fij −
d

dt
pi)

T δri = 0 (5.18)

. �"E ) � ��670'1�� � � ) mTl fij 4�F"G�Y®"3�i ��� � ` ' � � ��¥ � ®�1������ ��1 � � £° �ki��3C�F�Y® � �3C 0 ��V¥ � ®"4 (5.18) £�¤j_ � -IH 0 ����¥KJ (5.18) m�l (5.17) 1�L m ®
�ki � � `&' � ° Q�R ¥NM ∑i f

T
i δri 1 3�3 � �hW ` �ji �%O�� � � � ��P-Q 0 ��� 4�� � ®"1(���

�(�* �SRUT!V<��W � �$¯�� �%X ®(Y(O � O � � � ° � 2��$��Q 0�� �QR ` ��� � � 4�0k� ��¥
∑

i

fTi δri = −δU +
∑

j

Fjδqj (5.19)

� ® Q n
−δU +

∑

j

Fjδqj −
∑

i

(
dpi
dt

)T δri = 0 (5.20)

� � ��¥���� 0��
−
∑

i

d

dt
(pTi δri) = −

∑

i

(

dpi
dt

)T

δri −
∑

i

pTi
d

dt
δri (5.21)

������Q n �
−
∑

i

(

dpi
dt

)T

δri =
∑

i

pTi
d

dt
δri −

∑

i

d

dt
(pTi δri) (5.22)

4��on ��U ¥[Z ��¤�_&3�i � ����0 �"W � � %74f��¯ ° �ki �%� � � �<3-\ � '�( T�V��#W � ����$¯ 1
δK = δ(

∑

i

1

2
miv

T
i vi) =

∑

i

miviδvi =
∑

i

pTi
d

dt
δri (5.23)
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−
∑

i

(
dpi
dt

)T δri = δK −
∑

i

d

dt
(pTi δri) (5.24)

� � ��¥�� ����� £ (5.20) `��h® � �
δK − δU +

∑

j

Fjδqj −
∑

i

d

dt
(pTi δri) = 0 (5.25)

� � ��¥[Z � t = t1 � � t = t2 0 � b Z 4�| � � 3,2 n�� δri(t1) = 0 m U δri(t2) = 0 0 �� � ° �. � � £ t1 m�l t2
� 0�����0<1�� � � �

∫ t2

t1

(δK − δU +
∑

j

Fjδqj)dt =
∑

i

(pTi (t2)δri(t2)) −
∑

i

(pTi (t1)δri(t1)) = 0 (5.26)

� � ��¥�� ����� � £ Hamilton
��� -�� i R ¥�� � � 1��3O � Fj 4��j���,4 l � 4<'�( � � ���� qj

� '�(71 � � 1������ � 4 0 ��`�� � QR `��$¯ � ��� � £ ��� ° 3i ��¥
5.2.3 Lagrange 4��
	�����
.�� �

Hamilton
� � - 0'1�� qj 4���� ������� \�� � )�� '�( � ��� 4���� � 0,�! ¥ X � �

C � � δU, δK £ qj
���1$ 0 � ° � qj

� �����$¯"�#" �%$ '�(�&�� � £1L(' � ��¥) . � $�* $-� ©,+.- � L £ L = K − U
� ° 3 (*) � ��¥ L 1 (q, q̇)

���1$ 0 ��/� �
δL =

∑

j

(

∂L

∂q̇j
δq̇j +

∂L

∂qj
δqj

)

(5.27)

� � ��¥�� ����� £ (5.26)
��0 � � � �

∫ t2

t1

∑

j

(

∂L

∂q̇j

d

dt
δqj +

∂L

∂qj
δqj + Fjδqj

)

dt = 0 (5.28)

� � ��¥��	� 0/1�
���2�3 ��4 ��1�� ��5 � £�6� � � �
∫ t2

t1

∂L

∂q̇j

d

dt
δqjdt =

[

∂L

∂q̇j
δqj

]t2

t1

−
∫ t2

t1

d

dt

(

∂L

∂q̇j

)

δqjdt (5.29)

0 ��/� �V�
∫ t2

t1

∑

j

(

− d

dt

(

∂L

∂q̇j

)

δqj +
∂L

∂qj
δqj + Fjδqj

)

dt +

[

∂L

∂q̇j
δqj

]t2

t1

= 0 (5.30)

� � ��¥-Z , 287�¯:9�; 1=<370�> �/� �V� δri(t1) = 0, δri(t2) = 0 ? $ � δqj(t1) = 0, δqj(t2) = 0

4�� $ �#" � 0���@�A��
∫ t2

t1

∑

j

(

− d

dt

(

∂L

∂q̇j

)

δqj +
∂L

∂qj
δqj + Fjδqj

)

dt = 0 (5.31)
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ir

r

dm

�
5.4: ¨ � % i

. 0��-�� � % dm �-'�( T!V<��W

£���� ¥���� 0 qj 4f����0�> � � � � £
�� 8' �j� � .'/ � D�� 4�� $ �#"	�&C � 1
− d

dt

(

∂L

∂q̇j

)

+
∂L

∂qj
+ Fj = 0 (5.32)

" ) $ �
d

dt

(

∂L

∂q̇j

)

− ∂L

∂qj
= Fj (5.33)

4�� $ �7�����f®���� ���, ¥.� ®�4 Lagrange �-'�(�&�� � 0�>�� ¥
5.3 Lagrange ���	� 
��� ����� ��� �"!$#�%��'&)(
� �+* !-, ª � - :�. � "� &3 � \#� � Lagrange �-'�(8&�� � £ ) �,? � � ��6 � � � £ �0/� ¥ �3> ° *�1�2 £�3�4 ��� ���&C �5*  �76 �+8(A�9�: 1 0�;=<?> �, ��@ ��� �BA
287 � !-,DC � - :�.�E�F�G � � 9 � 1 * O 4 ����1 �76 � �IH � � % * ) �,1�� �-J �K� 0 *
��� 0*1�2�7�L:98; @�M 3'1 XKN#�PO�Q M 3 X �=R 6 0��PS E qj(j = 1, · · · , n)

E 6  �� ��@ �-��TA Lagrange �+'�(8& ��U��+V�W71 * $�*�$-�=X +/- � L
EZY C�[ > ��N � * > @ 1�6�U:� � '

(8& ��U E �\� ��@ 4 0�]0�BW"0�>0�^A L
E�_�` � ���3C � 1 * 3 � �-'�( T!V��#W @ �����-�* � R T!V<�#W E
_�` � �Ba�bdc:>��Zc **X-N�e�� \#� � �D�(? � �+f > � N �BA

Z * >��hg/��i i j �7kZl [ N �7W r
E <?> � @ * � �
W0m�� ��� vr

e
vr = vc + ω × r (5.34)

m�>0�BA��(> M * vc
e g/��i �KkZl [ N � � Wd����� * ω

e g ��i=�
n���dm!>��TApo?q�r * W rm��-�� � % E dm @5s � @ **X �
Wd�-'�( T!V7t�W e �D�(? � �-J �BA
dKi =

1

2
dm‖v‖2 (5.35)
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Ypj0m e
* 98; � � � Wh����� e���� � 2 � E < > �=c *
	�� E 3�4 � s �� � � W @�M r e����E�� � 2 � @5s �BA#" ) $ * ∫

Linki

rdm = 0 (5.36)

E 67� s�@5s �BA � N ? $ * g/��i i �-'�( T!V7t�W e
Ki =

∫

Linki

1

2
‖vr‖2dm

=
1

2

∫

Linki

‖vc‖2dm +

∫

Linki

vTr ω × rdm +
1

2

∫

Linki

‖ω × r‖2dm (5.37)

@��� c *�� 
���� 3 e
∫

Linki

vTr ω × rdm = vTr ω ×
∫

Linki

rdm (5.38)

m!>�� � � * � Wd� � $ & ? $���� m�>��TA ?�q
r *
Ki =

1

2

∫

Linki

‖vc‖2dm +
1

2

∫

Linki

‖ω × r‖2dm (5.39)

� �5* n����� 3 � "! 7r <?> �^A���1 E Trace(
O n83D� Q EZY C0����� ��: ��� � )

� ? $ ��!
s � @ * ∫

Linki

‖ω × r‖2dm =

∫

Linki

Trace ω × r(ω × r)T dm (5.40)

@ J �BA�" �5* O�1 @ 9�;$#&% �('�#"A ? $
∫

Linki

‖ω × r‖2dm =

∫

Linki

TraceR(R−1ω × R−1r)(R(R−1ω × R−1r))T dm (5.41)

@ J $ * Trace
e*)�+ �*, ` c 8 )�-�.dJ � Trace(AB) = Trace(BA) m�>0�K�pm *

∫

Linki

‖ω×r‖2dm =

∫

Linki

TraceRTR iω× ir irT ( iω×)T dm = Trace iω×
∫

Linki

ir irT dm( iω×)T

(5.42)

@ J �BA �	� m *�/�0�1 A )�+ Ji
E �D�(? � �+l$2 s � @ *

Ji : =

∫

Linki

ir irT dm

=







∫

Linki

xxdm
∫

Linki

xydm
∫

Linki

xzdm
∫

Linki

xydm
∫

Linki

yydm
∫

Linki

yzdm
∫

Linki

xzdm
∫

Linki

yzdm
∫

Linki

zzdm






=:







Jxx Jxy Jxz

Jxy Jyy Jyz

Jxz Jyz Jzz






(5.43)

∫

Linki

‖ω × r‖2dm = Trace iω × Ji(
iω×)T (5.44)

@ J �BA �	� m * Ji
e
l $ )�+ m�>�� ��@ � ' � s �BA � N ? $ * Trace

E*3 ��4�U ��5 s�@
Trace iω × Ji(

iω×)T = iωT iIi
iω (5.45)
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@  � 4 ��� 1�N �*4 �-J �BA �3> M * iIi
e*1 A )�+ ( �!��� t ) m

iIi :=







Jyy + Jzz −Jxy −Jxz

−Jxy Jxx + Jzz −Jyz

−Jxz −Jxy Jxx + Jyy






(5.46)

) � eZ* U (5.40) ? $ *
∫

Linki

||ω × r||2dm =

∫

Linki

|| − r × ω||2dm

@�M *
∫

Linki

|| − r × ω||2dm =

∫

Linki

||R(−RT r × RTω)||2dm = ωTi

∫

Linki

(−ri×)TRTR(−ri×)dmωi

@�M r * −ri× � )�+ ��! E 6� Kr * (−ri×)T (−ri×) �+1�� @�M r iIi
E7Y Cpr 2 ?� +Aj � ��4�m e ω c i 9�; � m ��! [ N r( ��K�pm *��%��� s�@

∫

Linki

‖ω × r‖2dm = ωTR iIiR
Tω, iIi > 0 (5.47)

@ J �BA " ) $ *�1 A )�+ �	��
 � ?�� #=L e 1 � ����
 )�+ R
E � � � X �	 )�+ E�� � N ��  ��@ c�� � �TA Z * g ��i i � ��� ������ ?����� ��hc<�d���������&� � ?�q�r �&! [ N� @5s �BA

[

vc

ω

]

=

[

Jvci

Jωi

]

q̇ (5.48)

� N E 6� �� @ * g/��i i �-'�( T!V7t�W e �D�(? � �-J �BA
Ki =

1

2
q̇T
{

miJ
T
vci

Jvci
+ JTωi

Ri
iIiR

T
i Jωi

}

q̇ (5.49)

3 � �<' ( T VKt W e K =
∑n

i=1 Ki m f > � N � � � * � � m���� 1 A ) + D(q)
E L�� s� @ *

D(q) :=
n
∑

i=1

{miJ
T
vci

Jvci
+ JTωi

Ri
iIiR

T
i Jωi

} (5.50)

� N ? $ * ��� � � D(q)
e�O�� m *���l m�>0� � c<� � �BA�'�( T!VZt�W e �D�,? � � � Wh���� @�� � ? � � ��! '�! �BA

K =
1

2
q̇TD(q)q̇ (5.51)

" �+* �����(�� t R T#V7t#W m:>��
c *$#+N#� R M r e g/��i i 98; � m�� ��� � 9�; E iric@5s � @ *&%�' 9�; � m������ eZ*
ric = 0Ti

iric (5.52)

m�>��K�pm * g/��i i
� R s �1�"�!�(�* t&T!V7t�W e

Ui = mig
T 0Ti

iric (5.53)
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� ? $ Y ) �TA # # m * g

e(� � E � s l $�� i � t m!>��^A�?�q�r * Y C0�1���!�-�! t R T�Vt#W e
U =

∑n

i=1 Ui
� ? $ Y ) �BApo\q
r * Y C�������&���U e #5N � E (5.33)

��0 � M r Y C� # @ c!'�! �BA � \�� �5* #5N E ) �  �5* K
E " �(? � � ��! s �TA

K =
1

2

n
∑

i=1

n
∑

j=1

dij q̇iq̇j :=

n
∑

i,j

dij q̇iq̇j (5.54)

#+N ? $ *
∂L

∂q̇k
=

n
∑

j=1

dkj q̇j (5.55)

" �5*
d

dt

∂K

∂q̇k
=

n
∑

j=1

{

dkj q̈j +
d

dt
(dkj)q̇j

}

(5.56)

=

n
∑

j=1

dkj q̈j +

n
∑

i,j

∂dkj
∂qi

q̇iq̇j (5.57)

)��Z*
∂L

∂qk
=

1

2

n
∑

i,j

∂dij
∂qk

q̇iq̇j −
∂U

∂qk
(5.58)

@ J �BA #5N ? $ ���8&��0U e
n
∑

j=1

dkj q̇j +

n
∑

i,j

(

∂dkj
∂qi

− 1

2

∂dij
∂qk

)

q̇iq̇j +
∂U

∂qk
= τk, k = 1, · · · , n (5.59)

@ J �BA #5N E )�+ �&! s � @ * " �	���8&��0U E ��� � c�'�! �BA
D(q)q̈ + C(q, q̇)q̇ + G(q) = τ (5.60)

#�# m * D(q)q̈
e�1 A:3 * C(q, q̇)q̇

e ) � R �Dg � g ��3 * G(q)
e�� ��30m!>��TAKjd�,? � J ���

& �0U E Lagrange �	����& �0U @  � *�
 � � 4�m�� &��0U @�� � N � # @� >��TA # # m * '� M J � N �! =� J  # @ eZ* C(q, q̇)
e 2 � �pe ��! m�] J  # @ m�>0�BA�� �+* C(q, q̇) � �&!

@�M r � b J � e " � Christoffel symbols @�� � N � ��! m�>��BA# � ��! E ���  �+*
n
∑

i,j

∂dkj
∂qi

q̇iq̇j =
1

2

n
∑

i,j

{

∂dkj
∂qi

+
∂dki
∂qj

}

q̇iq̇j (5.61)

@ #&4 s �BA #5N ? $ *
n
∑

i,j

(

∂dkj
∂qi

− 1

2

∂dij
∂qk

)

q̇iq̇j (5.62)

=
1

2

n
∑

i,j

{

∂dkj
∂qi

+
∂dki
∂qj

− ∂dij
∂qk

}

q̇iq̇j (5.63)
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@ J �BA #�# m *
Cijk :=

1

2

{

∂dkj
∂qi

+
∂dki
∂qj

− ∂dij
∂qk

}

(5.64)

E
Christffel symbols @  � A # � ��! E�� �K@ * C(q, q̇) ��b�� e " ��? � �-J �BA

Ckj(q, q̇) =

n
∑

i=1

Cijk q̇i (5.65)

# � C(q, q̇)
e � !"� . ��� l A	�K� Q F�G � 	��%��� b J ��! m * " � A � E�
 � s A

S(q) := Ḋ(q) − 2C(q, q̇) (5.66)

@5s � @ * S(q)
e��=O � m�>��BA # � A � e " �(? � � 3�4 �� s # @ c=m�]��BA

ḋkj =

n
∑

i=1

∂dkj
∂qi

q̇i (5.67)

m�>��K�pm *
Skj = ḋkj − 2Ckj (5.68)

=

n
∑

i=1

∂dkj
∂qi

q̇i − 2

n
∑

i=1

Cijk q̇i (5.69)

=
n
∑

i=1

{

∂dij
∂qk

− ∂dki
∂qj

}

q̇i (5.70)

@ J �BA #+N ? $ * D c O ��)�+�* " ) $ dij = dji m�>��K�-m
Skj = −Sjk (5.71)

@ J �BA #+N � ����&��0U � R s �@A � E ) @ C�� @ " �(? � �-J �TA
���������

D(q)
e5O ��)�+ A

���������
D(q)
e	��l�)�+ m�> $ * " �(' D U 
�� s � � � l $ λm, λM c���� s �BA

0 < λm ≤ λ(D(q)) (5.72)

) �Z* R 6 c��hr ��!hX��#"��%$ m�>�� � � �pe
λ(D(q)) ≤ λM < ∞ (5.73)

E
 � s A � > M * λ(M)
e*)�+

M � k�& S E � s
( ' �(�) λ

E�*�_,+,-/.1:�� �/2�" @�M r  6� ��K�pm10 � s �BA )

�����324�
C(q, q̇)

e
q̇
� R M r &�5�* " ) $

||C(q, q̇)|| ≤ CM ||q̇|| (5.74)
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z0

z0

y0

x1y1

z1 z2

x2

y2

a1

a2

r1c

r2c

m2, I2

m1, I1

θ1

θ2

�
5.5: ��� �=g���ip�
	 ��������

� ����� �
C(q, ·)

e " ����� E�
 � s A
C(q, x)y = C(q, y)x (5.75)

C(q, x + αy) = C(q, x) + αC(q, y) (5.76)

� ����� �
K := Ḋ(q) − 2C(q, q̇)

e���O ��* " ) $
K + KT = 0

)���e
xTKx = 0 for ∀ x (5.77)

� �����4� ��� 3 G(q)
e�&�5dJ

q
�BO M r &�5 @ J �TA

� ������� ��� J +,- .
�� � i $ t a
E��� s � # @ � ? $ * (5.60) � ��!deZ*�"�# R
$ E b

� @5s � )�+ Y @ a @ �&%0m ��! s � # @ c:'�! �BA#" ) $ *
Y (q, q̇, q̈)a = τ (5.78)

5.4 ')( *,+.-)/ ��� ��� �"!$#1012)3547658
9 �

5.5 ��? � J ��� �pg:��ip�;	 ���p�;0�KE < > r * j0m ��/ � &�< � ?=q�r*4�U�� � ���
&��0U E�=  7r�>#? � A )@?
*
A gB��i � � $DC ��� N � 98;�E�m�� ��� � 98; E "GF��,? � �BHl s �BA

1r1c = [−r1 0 0 1]T

2r2c = [−r2 0 0 1]T
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#5N ? $ *���� ����� e

r1c = A1
1r1c =













l1c1

l1s1

0

1













(5.79)

r2c = A1A2
2r2c =













a1c1 + l2c12

a1s1 + l2s12

0

1













(5.80)

m�>��BA ��� M * l1 = a1 − r1, l2 = a2 − r2 m�>��BA�� ! E���� m��	� M r A���� ��
	� E � ���
� � E�� q
r ��! s � @

v1c =







−l1s1 0

l1c1 0

0 0







[

θ̇1

θ̇2

]

(5.81)

v2c =







−a1s1 − l2s12 −l2s12

a1c1 + l2c12 l2c12

0 0







[

θ̇1

θ̇2

]

(5.82)

m�>��BA )��Z* n�
	� e " �(? �� ��! [ N �BA
ω1 =







0 0

0 0

1 0







[

θ̇1

θ̇2

]

(5.83)

ω2 =







0 0

0 0

1 1







[

θ̇1

θ̇2

]

(5.84)

"

* �����=g���iKm O � � E H�l M r�� N��-N � 1 � )�+ c " ���  ��! [ N � @ H�l s �BA

1I1 =







∗ 0 0

0 ∗ 0

0 0 J1






(5.85)

2I2 =







∗ 0 0

0 ∗ 0

0 0 J2






(5.86)

#5N �8? $ *�1 � )�+ E7Y�� � @ *
D(q) =

[

m1l
2
1 + J1 + m2(a

2
1 + l22) + J2 + 2m2a1l2c2 J2 + m2l

2
2 + m2a1l2c2

J2 + m2l
2
2 + m2a1l2c2 J2 + m2l

2
2

]

(5.87)
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o\q
r *

∂K

∂q̇
= q̇TD (5.88)

��� M * R�$d����� @ � i $ t E����DE	��
 s � � � 	�	� - R@$d� � i $ t m�������� E�� �i $ t @�M r � M r����BA������ *
∂f

∂q
:=

[

∂f

∂q1
, · · · ,

∂f

∂qn

]

� q
r *
d

dt

(

∂L

∂q̇i

)

= q̈TD + q̇T Ḋ (5.89)

"  *












∂L
∂q1
∂L
∂q2

·
∂L
∂qn













= (
∂L

∂q
)T (5.90)

m������! *
∂xT y(q)

∂q
= xT

∂y(q)

∂q
(5.91)

m���� # @  0 � s � @ * 4�U#"  "%$ ���'&��0U E�( �BA
D(q)q̈ +

(

Ḋ(q) − 1

2

{

∂D(q)q̇

∂q

}T
)

q̇ +

{

∂U

∂q

}T

= τ (5.92)

�	� M * # $ � � $ C(q, q̇)
e�)*

 j�+ $ � > O � � E-, q
r�� J � # @  0 � s �TA # $ U j0m Y�� � D(q)
E-.�/ M * U c
��� �pm '�#0m#��� # @ E10 �#� @ "%$ ���'&��0U E�( �BA

[

J1 + m1l
2
1 + J2 + m2(a

2
1 + l22) + 2m2a1l2c2 J2 + m2l

2
2 + m2a1l2c2

J2 + m2l
2
2 + m2a1l2c2 J2 + m2l

2
2

][

θ̈1

θ̈2

]

−

m2a1l2s2

[

2θ̇2 θ̇2

1
2 θ̇2 − θ̇1 − 1

2 θ̇2

][

θ̇1

θ̇2

]

=

[

τ1

τ2

]

(5.93)

�M *�A R 6  di
$ 8��Dc���� � �  e
*32	4  "%$15 E�6 > N�7 � �5A

[

d1 0

0 d2

] [

θ̇1

θ̇2

]

(5.94)

j $'8 �9 . m $ ��! m e1: Ḋ − 2C(q, q̇)
e�� > O � m e�J �-c : "%$ �#;  C(q, q̇)

E #&4 s �<

� � : � $ ��� E�
 � s # @ c�m�]��TA

[

2θ̇2 θ̇2

1
2 θ̇2 − θ̇1 − 1

2 θ̇2

][

θ̇1

θ̇2

]

=>

[

θ̇2 θ̇1 + θ̇2

−θ̇1 0

][

θ̇1

θ̇2

]

(5.95)
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"  : +,- .
��-E "%$ �  l�2 s � @ :
φ1 := m1l

2
1 + m2a

2
1 + J1

φ2 := m2l
2
2 + J2

φ3 := m2a1l2

φ4 := d1

φ5 := d2

���'&��0U e
[

φ1 + φ2 + 2φ3c2 φ2 + φ3c2

φ2 + φ3c2 φ2

][

θ̈1

θ̈2

]

+

(

−φ3s2

[

θ̇2 θ̇1 + θ̇2

−θ̇1 0

]

+

[

φ4 0

0 φ5

])[

θ̇1

θ̇2

]

=

[

τ1

τ2

]

(5.96)

@ J � :
[

θ̈1 θ̈1 + θ̈2 c2(2θ̈1 + θ̈2) − s2θ̇2(2θ̇1 + θ̇2) θ̇1 0

0 θ̈1 + θ̈2 c2θ̈1 + s2θ̇
2
1 0 θ̇2

]

×

















φ1

φ2

φ3

φ4

φ5

















=

[

τ1

τ2

]

@ � ; ��! c -�. m#���BA

5.5 Newton-Euler 012)354,658
� 6 m e 
 � � 4�m $ � �3&���U (Closed Form Dynamic Equation)

EZY � � c : " e�� L�U	"
 � � &;��U (Recursive Form Dymanic Equation)

E�Y�� � &�< E <�> �TA #PN  $ � ! e���� g
��i E < > � � � 
	 � E�� " @�M � � �  e1:���  	� �  � ; < c=m�] �TA M � M :�����J� ���E <�> � � �  e Lagrange

$ l UKL0c�� N r#����c : 8�� ���
 8 � �
� �\g � t � " � $F�G  e _�` $�� � �� � L�U  � � ��! c 0 �� N �"! # $ � L�U  � � �&! e Newton-Euler$ l UpL  � � "%$ ��;  Y��  N �"!
Newton-Euler

$ ���'&��0U $ %$#de "�$&% � $ <('hm#� �"!
) *(+,) *�-�.0/ �21 c / � �  � � � 3 ,. �%$ �54 ��6 M � � � : � $ ��7 ;   $ � � �

3 	. �%$ ��4 / � � c / �81 � �:9�; �"!
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fi

fi+1

mig

ri,ci

ri+1,ci

ni ni+1

�
5.6: g���i i

$ ��� 3 	. �3$ $�� �

�����
	��� -�.���� 3 	. �3$ $ ��� ��� e
f��  �� �@� ���� ��! ����� :
dmv

dt
= f (5.97)

����� �� -�. ��!�3 	. �%$ $ ��� ��� e
f��   � � 3 	. �%$ � !��� ��!������ :
dIω

dt
= τ (5.98)

# $ <�' 4 0 �Kr : � 5.6 
��" � �dgB��i $#� � $%$ 4%& � r � � ; !�� $ �  : "�$('%) 4 =

�7r
�+* !
dIiωi

dt
= Iiω̇i + ωi × (Iiωi) (5.99)

��, $.-�/ � � : Ii = R iIiR
T 0 �����! 

dIiωi
dt

=
dR iIiR

Tωi
dt

(5.100)

1�2.3 :
iIi 4�5 $7698 0 ��� #9�;:9<>= � �
dR iIiR

Tωi
dt

= ωi × R iIiR
Tωi + R iIi(ωi × R)Tωi + R iIiR

T ω̇i (5.101)

0 ���"! ) & :
R iIi(ωi × R)Tωi = −R iIiR

Tωi × ωi = 0 (5.102)

0 ��� $ 0 : -7?
dR iIiR

Tωi
dt

= Iiω̇i + ωi × (Iiωi) (5.103)
��@ �BA%� � � '�)�C (   �!� ! # $�'.) 4 0 ��� � :;� �>D(3  . � $ $#�7E%$.$�C "�$ �#; & � �"!

miv̇ci
= mig + fi − fi+1 (5.104)

Iiω̇i + ωi × (Iiωi) = ni − ri,ci
× fi − ni+1 + ri+1,ci

× fi+1 (5.105)

# � 41: "%$ ��F $ $#G #HJI%K = !
fi = fi+1 + miv̇ci

− mig (5.106)

ni = ni+1 − fi × ri,ci
+ fi+1 × ri+1,ci

+ Iiω̇i + ωi × (Iiωi) (5.107)
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� $�$ 4 � ��� i
$�� � : 
	� : 6 
	� � � ��� i + 1 �! �� 0 = � � ��D�3 	. �%$ C � ��� �

���  � ��� ; ��� 3  . �%$ C	��
��� � � � 4�� � 3 �#�
!��  : � 3 $ � ��� $�� � : 

� : 6 
�� C ��� 2�3 ��� � :���� $ � ��� � � �7E%$ � � D(3  . �3$ 4%& � � � � C 0 I � ������ � 3 �#�"!
�GF  :;A � ��� $ 
	� : 6 
�� 4��7F $  � 2#3 & � � � ��4�:�� � ! �7� $ 
�� � D � 6 


� 4�� $ �7F $  � � & �#� � � 4����  ��� � !�� � � : � � $ � � : � 3�$ � ��� 4 ��! ' ,
�! @ 2.3 �#� �#= �"!

vi = vi−1 + ωi × ri,i+1 (5.108)

ωi = ωi−1 + zi−1q̇i (5.109)

� � : 6 
�� : � 6 
	�  ' � 3 4 :

v̇i = v̇i−1 + ω̇i × ri,i+1 + ωi × (ωi × ri,i+1) (5.110)

ω̇i = ω̇i−1 + ωi−1 × zi−1q̇i + zi−1q̈ (5.111)

�.@ � ! � $��7E%$�! #"%$ � 3 ��� $ 4 :�& ' $��7� 
�� : �7� 6 
�� 0 � � $ 0 : � �  4�($�'%) � � � $ ��;  & � �"!
vci

= vi−1 + ωi × ri,ci
(5.112)

v̇ci
= v̇ci

+ ω̇i × ri,ci
+ ωi × (ωi × ri,ci

) (5.113)

� �� $%$ 4 :	) * $ 
 � : 6 
�� C & � 2#3 �	� �#+ � ��� �, ; 3 A � ��� $ 
�� : 6 
�� C& �#� � ��4�-/. � 3 ��� !��  : �>' , 0 $ $102� 4.& � �  4 : � $ 3 % 4 �4
 � 3 : �7E%$
3 	. �%$ �! )3*�F�� $�5 � ����� : $10�� 4%& � � 7�6 ��!

τi = zTi−1ni (5.114)

( + $ � � 4�7 8 � 3 : � 0�9 ��: � $�G 0 �9= � � $ ��;  @ � !
Step 1 ;4<4= � � 3

ω0 = 0, ω̇0 = 0, v̇c0 = 0 (5.115)
� � 3�$ (5.109),(5.111),(5.110),(5.113)

$ + 0 ωi, v̇i, v̇ci

4
i = 1 �� n � 0 ��
 = � !

Step 2

fn+1 = 0, nn+1 = 0 (5.116)
� � 3 : $ (5.106),(5.107),(5.114)

$ +
 fi, ni, τi

4
i = n �! 1 � 0 ��
 = �"!

( + $%$ 0 4 : Ii, r∗ 4 ��� �#> �? F>= � ? $ 0 ��� C :�A ��F $ 	@ � 3 : 2 �! BADC(6�8
iR0 (5.117)

4�E ; 3 :
iωi = iR0

iωi , iω̇i = iR0ω̇i , iv̇ci
= iR0v̇ci

ifi = iR0fi,
ini = iR0ni
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$�� 4 =/ = � ��� * $ 5 $�6�8�� D 5 $	�%��
 0  � 2�3 �7F $  4 +� = � � � C 0 I � !��
� : iv̇ci 4 d

dt
( ivci

) 0 @ � � �  0 -�= � ! � $�� 4 0 �#� � :���� = ��
10�� 4
zTi−1ni = ( 0RT

i−1zi−1)
T ( i−1Rini) = k0(

i−1Ri
ini) (5.118)


� � � 
 " � � ! � $ � 0�9 �#: � 4 :�����" � � ' , � : 
�� : 6 
����� � �  � � E ;/ � 
10�� 4 ��
 = ���  0 �� �� �"!
�  : ( 0 & � � Newton-Euler

$ ���3&�� $ � Lagrange
$ ���3&�� $ (5.60) 4 ��� 0 ���1�

 : � $�$ $�G �! ����9698 $ i 678 � 4
q̈i = 1(j 6= i), q̇j = 0(j 6= i) , q̇j = 0, g = 0 (5.119)

� � 3 ��F $ 4�� D ��� 7�: τ
� � 3 � $ = C & �#� � � C ��� �"! � $�'.) 4 8 � �(�; 8! �

 0 �� �� �"!
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�
6 � � � � � � � � � 	 
 � �  � � �� �

6.1 ������������� ��!��#"%$'&)('*+-,/. F � � 
10 q ∈ Rn 02143 36587:9<;>=>C
ci(q) = 0, (i = 1, · · · , m) (6.1); 14?A@CBAD 3 3-E:F = EHG � DI0 ��� ? � � 
 0 @ "KJ 3

C(q) = 0, C ∈ Rm (6.2)

� ? 5MLONMPRQ @ 7:9 02S<T @ 3OU:VOW-X ; ���OY/Z =>C
D(q)q̇ + h(q) = τ (6.3)?-[:\2]>@ " B^D-]R3-E:F J [`_aGIbc_ed4E:F 5/7:9Mf8gh;>= (6.2) 0jiMk J ] 5
Ċ(q) = Jcq̇ = 0 (6.4)

�:l J 5
Jc :=

∂C

∂q
(6.5)m:mon 5

Jc
;jp:q �<r 
10Is q̇ ?jt:u J ]R3-E m F60 � J ]I3-EHG m D s 58p:qwv q

;j7:9:x;2y:z 0j@ J ]R3-E m F60 � J ]R3-EHG
(6.3)
n s 7:9h;2f8g 0j{:| J ]R3-E v>5:} � ? s 7:9w~h�<� EH� v��/� ?��w�K� 5 b ; ,/.:��<0 τc
F^d4E8F 5 (6.3) s

D(q)q̇ + h(q) = τ + τc (6.6)Fo�wEHG J ~ J 5 m ;j7:9 � sj�M� 0 J �`3 ; n 5
τTc q̇ = 0 (6.7)n ��T>DR�8� � �`3^GCF mM� v>5 q̇ F�t:u�d4E �wr 
��Is (6.5) ?-[:\2]>��� � D-]R3-E ; n 5:�� 7:9 � s

τc = JTc λ, λ ∈ Rm (6.8)?-[:\2]>�4� � D�E � ?��wEHG m:mon ��� � DR� 7:9 � s (6.5) 0-�R_ ,O�<�:� n iMk J ] 5
Jcq̈ + J̇cq̇ = 0 (6.9)
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�����������
0�� 5 m D�F (6.6) 0���� J ] 5

[

D(q) JTc (q)

Jc(q) 0

][

q̈

λ

]

=

[

τ − h(q, q̇)

−J̇cq̇

]

(6.10)

?M[:\A]o�4� � D4EHG m D4[<� 5 q̈, λ
v ,	� ?�� �`Eo��!M? s 5 (6.10)

; 2 �<;^q�"Rv$#�% n'& E(	)wv & E m F v k ~ EHG
6.2

*,+.-0/ �21436587:9 ;'<2=3	� 5>�?@�BA ?DC�V � 0�Ew��F�] 5HG�I @ x 0KJ � [`_ ��L�M<0KN��M[`_ G m ; � 5 C:V � s@ x ?�O J ] 5�PRQ �TS JTU Tj�w0�VBW6� v<� 5HPXQ �TY � n @ x ?KZ4\j]T[ � J �MToD`�/� � �3�G m ; [`_^? 5 & E Y\ ? s �]�X^DY � 5 b>D	_	` ; Ya\ ?A�w0 �b� dhE Y y 02�cFc�]� ;H�	
����������� F�d]e�G+ 587:9 J �-3�f'g xh; Y/Z =`v	hai � Akj�l x 021436]�m ;�n ?A�4� � D-]R3-E:F^dhEHG
C(x) = 0 (6.11)m D�[<� 5 x

;�o g xh; Y/Z = s
∂C

∂x
ẋ = 0 (6.12)Fo�<EAG mMm>n 58pMq s g x ?KOwd�E yMzRp r A � F>�w\2]]q � 5]rXs nRt E�� ;�u'vp r A �Fj�w\j]�3-E m FO?Kw � dhE G	x<? 5 m8mjn s Ef
;^p/q s b ;Ty B v{z ?�|�} � BAD�]R3ME8F^dE G m DI0H~H� Q ?A@	�Rd4E>��!�? 5

Ef =
∂C

∂x
∈ Rm×n (6.13)F�d4E G m8mjn 5 C(x) ? sT� y � 789Rv �-3�[`_j? 5 Ef s qB� ���H�Mr n'& E/F^dhE G , Y 5 �� & E63 s 5 Y � 0 �b� n't E ; s m ;���� � ?6�IE ; n 5 b ; |	} � BAD`� u]v'p r A � 0��c?�X� �I� ; 0 Ep

F^d4EHGw� l J 5
rank

[

Ep

Ef

]

= n (6.14)

F2�wE:[O3<_2? Ep
0T�Re�G+ 5 ,/.:� j�l

q F hRi � Akj�l x
v

x = f(q) (6.15)

�O� 5 Y ���$� v
ẋ = Jq̇, J :=

∂f

∂q
(6.16)F J ]>��� � D-]R3-E8F^d4EHG + 5B>H?���Aavo7:9 0T�w� J ] ��� J ]R3-E:F^dhE:F 5

Ċ(x) = 0 → EfJq̇ = 0 (6.17)
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Fo� � 5����<;���� [<� >H?���A ;T��� Y/Z = s
D(q)q̈ + h(q, q̇) = τ − JTET

f λ (6.18)Fo�wEHG, Y 5 Ep
;Ap/q s |H} � B�D-� u]v�p r A � n'& E ~<� 5 ẋ F p8q<;��
	 s b ;Ku]vI;
� k 5 U�c�eb ; Y\ ; Y � Fo�wEHG U �c� 5 [ � Y@\ ; Y � p r A � 0 ẋp

F^d4E:F 5
ẋp = Epẋ (6.19)F @�� nXt EHG m D�F 7:9h;>= 0�I�bF�E:F 5

Eẋ =

[

ẋp

0

]

, E :=

[

Ep

Ef

]

(6.20)

0�� EHG]xh? 5 m ;>= 0jiMk J ] 5
Eẍ + Ėẋ =

[

I

0

]

ẍp (6.21)

0�� 5 (6.16) 0jiMk J ]
ẍ = Jq̈ + J̇ q̇ (6.22)Fo�wEHG m ; �$� F ��� Y/Z =R; �$� 02143-E:F 5 (6.21) s

[

I

0

]

ẍp = EJ−1(D−1(τ − h − JTET
f λ) − J̇ q̇) + ĖJq̇ (6.23)

m8m2n 5'�b
a���$�B� �	��� 0�� � dhE ; ? 5 �cFc�]� v�I~ T����� ; ����� n������ � �	�v nXt E m F v! � J 3^G m ; ��!�? 5 ��Y � Fe�4?�O�"Rd4E$# J 3&%M� u1
F u2
0KNc�6] 5

ẍp = u1 (6.24)

λ = u2 (6.25)F>�wEM[R_>? �'��� z�( � d4E m FO0�Nc�`EHG m ; ��! ;T(])MfMg F J ] 5 m ; �D� 0 (6.23) ?) % J ] 5
[

I

0

]

u1 = EJ−1(D−1(τ − h − JTET
f u2) − J̇ q̇) + ĖJq̇ (6.26)

0�� EHG m ;>= s τ ? U 36] ,�� ?�*hTO] 5
τ = D

{

JE−1

([

I

0

]

u1 − ĖJq̇

)

+ h + JTET
f u2

}

(6.27)

Fo�wEHG
m4? 5 m ; %M� v!+ k nX& E m F60T�-d2G m ; %M�<0 (6.23) ? ) % J ] 5�,�- d4E:F

[

I

0

]

ẍp =

[

I

0

]

u1 + EJD−1JTET
f (u2 − λ) (6.28)
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�����������
0�� EHG m ;>= ? 2 ~<�e5 [0 I ] 0��hT-E:F 5

0 = EfJD−1JTET
f (u2 − λ) (6.29)Fj� � 5 Ef

v2qB� ���H�:r n'& E ~<� 5 EfJD−1JTET
f s #	% F2� � 5>� � u2 = λ F2�IEeGIB �? 5 m ; �$� 0 (6.28) ? ) %`d4E:F 5 ẍp = u1

0�� EHG�� \2] 5 ��� xp
;���l�� 0 xd,

b ;��
	0 ep := xp − xd
F J 5 � λ

;���l�� 0 λd,
b ;��
	 0 ef := λ − λd

F^d4E:F 5
u1 = ẍd − K1ep − K2ėp, K1 > 0, K2 > 0 (6.30)

u2 = λd − K3

∫ t

0

ef (τ)dτ, K3 > 0 (6.31)

FAd8DR��I3 m F v k ~ EHG


